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CHAPTER 1 

BASIC CONCEPTS AND DEFINITIONS 

Ring: A ring R ^ (j) is a set together with two binary operation + and • (called 
addition and multiplication) satisfying the following axioms; 

(a) (/?,+) is an abelian group. 

(b) • is associative;, (a •!)) • c = u • (b • c) for all a,b,c &R. 

(c) The distributive laws hold inFor all a,6, c e i? 

(i) (fl + 6) * c = (u • c) + (Z> • c) 

(ii) a‘{b + c)-{a‘b) + {a‘c). 

Then we denote it by (/?,+,*) 

1.1. Basic Properties of Rings 

Let {/?,+,•) bearing. 

1. As (i?,+) is a group, the identity pf this group is called the zero of the 
ring and denoted by 0 and u + 0 = 0+a = a 'VaeR 

2. Let a,Z>,cei?, then 

(a) a+b = a + c^b = c (cancellation law w. r. t. + ) 

(b) -(-«) = a (where -a denotes the additive inverse of a) 

(c) The zero element of R is unique. 

(d) The additive inverse of any element in R is unique. 

(e) a.O = O.a = 0. 

(f) a.{-b) = (-a).b = -(a.b) 

(g) (-a).(-b) = a.b 

Table To Be Remembered 


S. no. Name of 
Ring 
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12 


modulo 10 



p IS prime 




number 


14 R-{a + ib\ 
a.b € 0} 


power set of N 




R = Set of all 
real valued 

continuous 
functions 
defined on 
closed interval 
[ 0 . 1 ] 


If (G,+) is 
an abelian grouf 
(End (G),+,o) 
is a ring 



Difference 





be any ring. '^seS 
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/(^) + 
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g{s) 

is addit 
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Deflnitions 


complex cation of 
numbers complex 
numbers 



1. Unity: If (/?,•) is monoid i.e., 3 identity element in R w. r. t. 

multiplication then this identity element is called the unity of the ring. 
Denoted by 1. 

2. Trivial Ring: A ring R is said to be trivial if R = {O}. 

3. Zero Ring: Let ((?,+) be an abelian group. Let us define the second 
binary operation (•) on /? as a - fc == 0 Va,b e G , where 0 is additive 
identity of G . Then, (G,+,-) forms a ring and called zero ring. 

Note: If R is a trivial ring then is a zero ring but converse need not 
be true. 

4. Commutative Ring: Let (/?,+,■) be a ring. Then is said to be 

commutative if R is commutative under multiplication i.e., 
a-b = b-a \/a,bsR 

Example: 

(a) Examples 1, 2, 3, 4, 5, 8 defined in above table are commutative 
rings. 

Notation: Further CRU will denote a Commutative ring with Unity 

(b) Examples 19 is CRU if R is CRU. 

Note: 

\2 0 'y 

(a) If R is commutative ring then [xy) = x y x,ysR . but not 
conversely. 

i.e., it is not necessary that R is commutative if 
(xy)^ = x^y^ V x,y e R 


\[a bl 

Example: R=<. ^ ^ a,beZ 


Where + : ordinary matrix addition • ; ordinary matrix 
multiplication 


(R,+, •) is non-commutative ring. 

But [xy)^ =x^y^ \/x,y€:R 

(b) If R is ring with unity & {xy^ = y^y^ \/ x,yeR 
=> R is commutative. 

Proof: We’ve {xy^ - x^y^ V x,y e R 
Replacing y by y +1 e R in (l) where 1 is unity 
We obtain 
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[a:(;; + 1)]^ + yx,ysR 

{xy + x)^ = x^ ^y^ + 2 y + ]^ 

=> {xyf' +{^xy)x + x{^xy) +x^ + 2 x' 3 -+x^ 

Using (l) and cancellation laws of {R,+) in (2) 
We get 

2 2 2 
xyx + x -y=:2x y or xyx = x y V x, y e R 

Replacing at by (^ + 1) in (3) 

(A:.+ l)y(j: + l) = (x + l)^y 

=> (j: + r)(yx + y) = (x4-l)(Ay + y) 

2 

=> + + y-\7xy + xy.-\-y 

Using (3) & cancellation laws of (R,+) in (4) 
We get 

yx = xy V x,ysR , . 

Hence, i? is a commutative ring. 

(c) If R is commutative ring 
Then for <2,^7 ei? 

{a + bf = a” + +...+ 

for every positive integer n . 

(d) R is commutative 

if and only if [a-b)[a + b)- V a,b€R 

(e) Any ring of prime order is commutative 

(f) A ring of order p may not be commutative. 


Example: A - 


:a,b e7j2 f • 


I 



A forms ring with matrix addition & matrix multiplication & entries 
are from Z 2 . 

Ring A has order 4 = 2^ 

But it is not commutative 


ol To 0 


0 0 0 0 0 0 


1 oTo n To 1 


0 0 0 0 0 0 
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(g) The smallest non-commutative ring is of order 4. 

(h) A ring with unity & of order {p is prime) is commutative. 

5. Unit: Let (^,+,-) be a ring with unity and aeR. Then a is said to be 
unit element oi R if 3 bsR such that ab = b-a~l 

Examples: 

(a) The units of Z are 1 and-1. 

(b) In Ring numbers 1, 2, 3 defined in Table of rings, each non-zero 
element is a unit. 

(c) The units in a ring (Zg,-t-g,xg) are 1 and 5. 

Results: ■ 

(i) Let /? be a ring with unity. Then the set of all units of R forms a 
group under multiplication. 

(ii) Let R hedi CRU , then group, of units of jR is an abelian group. 

6. Associate: Let R be a ring with unity and a;b e R . Then a is called 
associate of 6 if 3 a unit u in R such that= bii.. 

Example: 

(a) In (Z,-F, ■), associate of 2 are 2 apd-2.' x 

(b) In •), associates of 3 are allriph-zefb real numbers. 

Observation: Let us define a relation S ' qn ring with unity R as: 
a~b^a and b are associates. Then ' ~' is an equivalence relation on 
ring R. 

Hence, it partitions the ring R into equivalence classes. 

7. Zero-divisors: Let R he a ring and O^aeR . Then a is said to be 
zero divisor from left if 3 0h e such that a-b = 0 and here we call ‘ 
b ’ right zero divisor. 

a & b are called zero-ditisor if they are zero divisors from right as 
well as from left. 

Examples: 

(a) 4 is zero divisor in Z 12 as there exists in Z 12 such that 
4-3 = 12 = 0. 



is zero divisor from left in ring of 2 x 2 matrices over M as 


0 iTl 0 


0 OJLO 0 
1 OTO 1 


. But it is not zero divisor from right as 


0 0 0 0 


(c) In ring (P(N),A,n) , each element is zero divisor except N as for 
eachX e P(N) we have f = N - € P(N) such that AT n f = (}). 
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Observations: 

(i) Let R be ring with unity. Let U(R) denote the set of all units of R 
and Z (i?) denote the set of all zero divisors of R . Then 
Z(R}n[/(R) = <^ 

(ii) In , each non-zero element is either a unit or zero divisor. 

(iii) In is a unit iff a & m are co-prime, 

fijrawpfe; In Zsunits arel,2,3,4. 

(iv) There exist rings having infinite elements which are neither units 
nor zero divisors. 

8. Cancellation Law: A ring R is said to satisfy the left cancellation law 
ifforall a,b,ceR 

a^O, ab = ac b = c 

A similar definition can be given for right cancellation law. 

9. Integral Domain: A commutative ring with unity without zero divisors 
is called an Integral domain. 

Example: examples 1,2,3,4 defined in table ef rings are Integral 
Domain. 

We some time denote Integral domain by ID 

Note: Many books do not take ring to be commutative with unity. They 
consider only ring without zero divisors. For exam point of view to 
check a ring is ID or not we should only check availability of zero 
divisors. 

10. Skew Field: A ring with unity (i?,+, ) is said to be skew-field if each 
non-zero element has multiplicative inverse i.e. (/?, ) forms a group. It 
is also known as division ring. 

Examples: 

(a) Ring numbers 1,2,3 defined in table of rings are skew-fields. 

(b) R = Zp is a skew-field, where p is prime. 

(c) examples 9,17 defined in table are not skew fields. 

Observations: 

(i) Every skew-field is an integral domain if commutative. 

(ii) If in a ring R , the equation ax = b y a, b has a unique solution, 
then R is a division ring. 

11. Field: A commutative skew-field is defined as field. 

In other words, A CRU is a field if each non-zero element posses 
multiplicative inverse. 

Examples: 

(a) examples 1,2, 3 defined in table of rings'ure Fields. 

(b) Zp is a field, where p is prime. 
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Results: 

(i) Every field is an integral domain. 

(ii) Every finite integral domain is a field. 

(iii) Ij p . the ring of integers modulo p, is a field iff p is prime, 

(iv) Every finite skew-field is a field. 

12. Nilpotent Element: Let R be a ring and aeR . Then a is said to be 
nilpotent element if 3 n e N such that a” 0 i.e., a-a-a-...-a-0. 

n times 

The smallest such n is defined as the index of nilpotence’ 

Examples: 

(a) 0 is only nilpotent element of index Lin every ring, 

(b) 6 is nilpotent element of index 2 in Z 12 - 

13. Idempotent Element: Let be a ring and aeR. Then a is said to be 
idempotent element if a =a . 

Examples: 

(a) 0 and unity are always idempotent 

(b) 5 and 6 are idempotent in Ziq 

(c) Each element of (P(N),A,n) is idempotent. 

Results on Nilpotent and Idempotent elements: 

(i) In an Integral Domain 0 and 1 are the only idempotent elements. 

(ii) An Integral Domain does not possess any non-zero nilpotent 
element. 

(iii) Let P be a commutative ring and a,b are nilpotent elements of R . 
Then 

(a) a+b is also nilpotent element. 

(b) a-b is also nilpotent element. 

(c) a-c is also nilpotent element V non-zero c in i? . 

(d) If a • 6 is nilpotent in R , then b-a is, also nilpotent in R . 

(iv) If 'a' is an idempotent element in R , then 1- a is also an 
idempotent element in R . 

(v) Orthogonal Idempotent: Let R be a ring and ei,e 2 are idempotent 
elements. Then ej and e 2 are called orthogonal if e^-€2=0 ■ 

In general, if ej,e 2 ,.-.,eyt idempotent elements in ring R . Then 
ej,e 2 ,--jS/t called orthogonal if e^-Cj =0 j . 

(vi) If 'a ’ is a nilpotent element of index r in a ring with unity. Then 
(l-a) is unit. 


since, l = l-a'^ =(l-aj^l + a-i-a^ -i-...- 























•(l-a) * =|l + a + £z^+... + a'’ 


14. Unipoteiit Element: Let R be a ring with unity then aeR is said to be 
unipotent if 1 - a is nilpotent i.e., a is unipotent <=>i = (l-a) is 
nilpotent. Also b = l-a <=>a = l- fe. 

Thus, if Z) is a nilpotent element in R, then (1 - i>) is unipotent 
element. 

Example: 1 is unipotent element in Zj 2 as 7 = 1 - 6 , where 6 is 
nilpotent element in Z 12 . 

15. Factors: Let i? be a commutative ring with unity and a,beR. Then b 
is said to be factor of a if 3 c e such that b = ac 

Note: For aeR the associates of 'a' and units in that ring are always 
factors of 'a' and called improper factors, the otheir factors are called 
proper factors. 

16. Irreducible Element: A non-zero, hbn-unit element 'a' in a 
commutative ring with unity R is said to be irreducihle element if it has 
no proper factor in R i.e, whenever a = ^>c , |hen either b is unit or c is 
unit. An element which is not irreducible is called reducible element. 

Example: 1 + z is an irreducible element ip ^ 

17. Prime Element: Let i? be a commutative ring with unity then a non¬ 
zero, non-unit element peis c^lle4prihie-element if p\ab implies 
either p\a or p\b, where a,b e R. 

Example: 2 is prime element in Zg. 

Observations: 

(i) It may be observed that peR is not irreducible, if there exists a 
pair of element a,6ei?. such that p = ab where a and b are both 
non-imit element of R. 

(ii) It may be observed that peR is not prime, if there exists a pair 
of elements, a,beR such that p\ab, but pfaSc pfb . 

% 

(iii) Irreducible and prime elements in a commutative ring with unity 
are always non-zero and non-unit elements. 

(iv) There may exist elements in ring R which are prime elements of 
R but not irreducible elements. 

Example: In Zg, 2 is prime element but not irreducible element. 

(v) There may exist elements in ring R which are irreducible 
elements of R but not prime elements. 

Example: In = |a + b4^ ; a,^> e z| , 3 is irreducible but 

not prime element. 

(vi) There may exist elements in ring R which are both prime and 
irreducible. 

e 

Example: In ring of integers Z, element 3 is both prime as well 
as irreducible element. 
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(vii) Thefe may exist elements in ring R which are neither prime nor 
irreducible. 

Example: In ring of integers Z, element 4 is neither prime nor 
irreducible element. 

(viii) In an I.D. every prime element is irreducible element. 

(ix) Set of Units of Z[/] is {l,-l,z,-i} 

(x) Set of Units of Z is {1,-1} 

(xi) Let F be any field. Then set of units of F is F - {0} i.e. every 
non-zero element of a field is a unit. 

(xii) Set of Units of (F) is GL{«,T’) . 

(xiii) For z/ e Z, zj’Vrf j = |a + byfd : a,fr e z| is aii integral domain. 

(xiv) For e Z'*', = is a field. 

(xv) Let R be an Integral Domain and as^F be fwo non-zero elements 
of R . Then a and b are associate iff c? | i arid b\a . 

18. Characteristic of a Ring: The smallest-positive integer n is said to be 

characteristic of a ring R if «a = 0 V-a-e RA,e. if a + a +... + a = 0. If 

^ V - —y-/ 

\ ^ times 

no such positive integer exists, th^n ch^aeferistic of ring is 0. It is 

denoted by char F. . \ L 

Properties: 

(i) Let F be a ring with unity 1. Then characteristic of R is equal to 
the order of 1 under addition provided it is finite if it is not finite 
then charF^O. 

(ii) The characteristic of an integral domain is either zero or prime 
number. 

(iii) The cardinality of a finite integral domain is of the form p’’ for 
some prime p and r e Z’*’ 

(iv) The cardinality of a finite field is of the form p'^ for some prime 
p and r e Z"^ 

(v) The characteristic of a field is either zero or a prime number. 

(vi) The characteristic of a non-zero Boolean ring is always 2. 

(vii) Let F be a commutative ring with characteristic p , where is a 
prime number then. {a^b)P =aP+bP ^a,b^R 

(viii) Let F be a ring with characteristic n and suppose that 

ma = 0 V a e F and for some meZ'^ then n divides m i.e. m 
is multiple of « . 



























CHAPTER 2 


SOME IMPORTANT STRUCTURES 


2.1. ,©„, ©„ ) is a Commutative Ring with Unity w.r.t. 


: addition modulo m 


: multiplication modulo m 

Properties: 

(i) Number of units = (t)(m) 

(ii) Let [/ (Z^) be set of units of , then U(Z^) will form the group. 

(iii) C/(Z^) = |;ceZ^|g.c.c?.(x,m) = lj 

(iv) Every non-zero element is either unit of zero-divisor. 

(v) Number of zero-divisors = m -(() (w) +1) 

(vi) List of zero-divisors = Z(Z^) = |xeZ^ \^g.c.d.{x, m) ^ 1 j 

(vii) Z^ is integral domain if and only if m is prime. 

(viii) Z^ is field if and only if m is prime. 

(ix) Number of associates of ‘ a ’ € Z^ are (()(o(a)]. Where order of a is 
• calculated with respect to addition. 


(x) List of associates d(a)= <^xeZ„ - - -r- = o(a) 

g.c.d\x,m) 


(xi) Number of nilpotent elements in Z^„ = p” 


(xii) List of nilpotent elements in Z „=<^.peZ „\k = \,2,.... 

Pi P 


(xiii) If m = pj^ .... p”'' ■ -p. .; 

Then number of nilpotent’^lements in ' - 

j _ o”l-l „«2-l „«3-l n^-1 

^m~P\ P2 P3 ■■■■Pr 
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(xv) a e is nilpotent if and only if every prime divisor of m divides a . 

(xvi) Number of idempotent elements in = 2^ . Where k is number .of 
distinct prime divisor of w . 

(xvii) Number of idempotent elements in Z. „ aretwoi.e. 10, l| 

P 

Examples: Consider the ring (^ 0 ’® 20 ’ G^o) 

(a) Number of units = 4* ( 26 ) - 8 

List of units = (1,3,7,9,11,13,17,19} 

(b) Number of zero divisors =20~(8 + l) = ll 

List of zero divisors ={2,4,5,6,8,10,12,14,15,16,18} 

(c) Number of associates of elements ‘ 2 ’ e Z^ d(2) with respect to 
addition is 10 <|){o(2)} = <t)(l0) = 4 

List of associates of ‘ 2 ’ e Z^ = {2,6,14,18} 

(d) Number of idempotent elements - A . 

Note: <!)(«) usedabove was the Euler’s (j) function. 

2.2. V = {Set of All Functions From R to R} 

Where is a ring. Then define addition operation as follows: 

/■>§ s ^; (/ + g)(^) = / {x) ® V X 6 i? & define multiplication as 
follows: 

Where ® & O are addition & multiplication of ring R . 

Then (F, +, •) is a ring. 

Properties: 

(i) V has unity if R has imity. 

(ii) V is commutative if R is commutative ring. 

(iii) F is never integral domain even if R is integral domain. 

(iv) V always have infinite zero-divisors even if R (infinite) is integral 
domain. 

(v) V is finite ring if and only if R is finite ring. 

(vi) There exists elements in V . Which are neither zero-divisor nor units. 

(vii) Any function which is not zero anywhere is unit hence there are infini te 
units in F if i? is infini te. 

= {Set of All Continuous Functions from R to" it} 

Where R is ring 


2.3. 
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Then define addition operation as 

{f + g)i^) = fix)®g{x) V.vei? 

& define multiplication as 
f,g^^c 

f.g{x) = f{x)Og{x) Vxei? 

Where © & O are addition & multiplication respectively of ring R . 

Properties: 

(i) Fc has unity if R has unity 

(ii) is commutative if R is commutative 

is never integral domain even if R is integral domain 

(iv) is finite if and only if i? is finite ring. 

(v) Any function tvhich has countable zero’s is neither zero-divisor nor unit 
if it has atleast one zero. 

(vi) Any function -which does not have zero is a unit. 

1. Lets Combine Several Rings into One Large Product; Cartesian 
Product 

Let & i ?2 two rings 

Then i? = x i ?2 = ((u,ft)|u sR, 6 e i? 2 } is a ring with respect to 
componentwise addition & componentwise multiplication. 

i.e. [a,b) + [c,d) = [a®ic, b®2 

[a,b)‘{c,d) = {a0^c, b 02 d) 

Where ©^ &Q are addition and multiplication of R^ i-\,2 respectively. 

Properties; 

(i) R is commutative if and only if both R^ & R 2 are commutative. 

(ii) R has unity if and only if both R^ & R 2 have unity. 

(iii) Let U [R) be the group of units of R & U[Ri) is group of units for 

1 - 1,2 

Then U{R)^U{Ri)xU{R 2 ) 

(iv) If Ri 's are non-trival rings then R is never integral domain i.e. always 
has zero-divisors. 

(v) Char(i?) = fc 

A: = 0 if either Chari?i = 0 or Char ^ 

& A: = /.c./w{Char(./?j), Char(/? 2 )} 

If both char (./?i) &Char (./?2) are non-zero. 

(vi) R is never integral domain if R^ & R 2 are non-trivial. 

>. Boolean Ring ; 

A ring R is said to be Boolean ring if all of its element are idempotent. 
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Examples: 

(0 {22>®2>G)2) 

(ii) ^ X ^ X ^.X ^ with respect to componentwise addition & 

n-copies 

componentwise multiplication. 

(iii) Z 2 X Z 2 x...... i.e. infinite Cartesian product with respect to 

componentwise addition & componentwise multiplication. 

Properties; 

(i) Boolean ring is always commutative 

(ii) a + a = 0 V a 

(iii) fl + Zj = 0 =>a=b 

(iv) Char (/?) = 2 

(v) Cartesian product of Boolean rings is Boolean ring. 

Group Rings 

Fix a commutative ring R with identity It^O arid.let G=^[gy,g 2 , . ,g„} 

be any finite group with group operation writteiimjihipiicatively. Define the 
group ring, i?G,of G with coefficients in JR to, be tlie set of all formal 
sums. \ 

a\g\ +a2gi+ + angn \ . 

a: ei?, l<i<n. 


If gj is the identity of G we shall write ajgj simply as oj. Similarly, we 
shall write the element Ig for geG simply as g . 

Addition is defined “component wise” 

(uigj +^2^2 + ^hS2 + - + KSn) 

= (^1 +gi]g\+{a2 +b2)g2 +- + {a„ +bn)g„. 

Multiplication is*performed by first defining [agj ){^bgj j = [ab^gj ^, where 

the product ab is taken in R and g,gy = gj^ is the product in the group G . 

This product is then extended to all formal sums by the distributive laws so 
that coefficient of g^^ in the product 

(a,gl+... + a„g„)x( 6 ig,+... + fc„g„)is ^ Oibj 

SiSj ~Sk 

It is straightforward to check that these operations make R G into a ring 
(again, commutativity of R is 

not needed). The associativity of multiplication follows from the 
associativity of the group operation in 

G. The ring RG is commutative if and only if G is a commutative group. 

Example: Let G = £>4 , the dihedral group of orders 8 with usual generators 
r,s 

D4 = = 1 & rs= sr"^ 






























and let R = Z 

2 

the elements a-r + r -2s 
and P = -3r" + rs 

are topical members of ZD^ . Their sum and product are then 
a + p = r - 2r^ -2s + rs 


ap = - 2s'+ «j 

= r ^ j + r^ j - 2^ ^-3r^ + rs j . 


= —3r^ 4-r^s—3 + r^s + 6r^s —3r^ 


= —3 —5r^+ 7r^s + r^s ' 

Note: Definition of addition and multiphcation in RG restricted to the 
elements of R is just the addition and multiplication iri R. 

Properties: 

(i) The ring R appears in RG as the “Constant” formal sums i.e. the R 
multiples of the identity of G . 

(ii) Elements of R commute with all elemehts of RG. 

(iii) Unity of R is the unity of RG. ' " 

(iv) The group G also appears in RG i.e. g,- 's will appear as Ig,- 

(v) Multiplication in the ring RG restricted to G is just the group 
operation. 

(vi) G is subgroup of group of units of RG. 

(vii) If |G| > 1 , then RG always has zero-divisors 
Explanation: Let geG&o(g) = OT>l 

g'"=l =>(l-g)(l + g + ...+ ^-l) = l-g -=0 

so 1 -g is a zero divisor. 

Matrix Ring 

M„ (7?) the set of all nxn matrices with entries from ring R fornis a ring 
with respect to ordinary matrix addition & ordinary matrix multiplication. 

Properties: 
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(i) If R is any non-trivial ring (even a commutative one) & n> 2 then 
M„ (R) is not commutative with unity. 

(ii) M„ [R) has zero-divisors for all non-trivial ring R whenever n>2 . 

(iii) If R is infinite ring (i?) has infinite zero-divisors whenever 

n>2. . . 

(iv) Center of ring M„ (/?) is set of all scalar matrices if is 
commutative. 

(v) If n > 2 then if A is strictly upper triangular matrix or strictly lower 
triangular matrix then zf” = 0 

(vi) Property (v) implies that if i? is infinite then (i?) has infinite 
nilpotent elements. 

2.8. C[0, l] = {Set of All Continuous Functions from [0,1] to M} 

Then C[0,l] is a ring with respect to componentwise addition & 
componentwise multiplication. 

i.e., {f + g){x) = f{x) + g{x) Vx€[0,l] 

/■g{x) = f{x).g{x) Vxe[0,i] 

Properties: 

(i) C[0,1] is CRU. 

(ii) There are infinite number of units. 

(iii) Every function which are not zero at any point is unit. 

« 

(iv) There are functions which are neither zero divisor nor units. 

(v) The functions which have finite or countable number of zero’s in 
[O, l] and have atleast one zero are neither zero-divisors nor units. 

(vi) There are infinite zero divisors. 


Example: /(x) 


J 0; 0<x<a 

[x - a ; a < X < 1 


& g{x) 


fx-a; 0<x<a 
I 0; u<x<l 


There are infinite choices for a e [0,1°[ 
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CHAPTER 3 


SUBRING AND IDEALS 


3.1. Subring 

Let be a ring. Then non-empty subset S' of is called a subring of 

R, if (S,+,*) is a ring. 

3.1.1. Subring Test 

S i* & S c i? then S is subring of if and only if V u, 6,€ S 

(i) aieS 

(ii) a-b&S ' ; \ ' 

Similarly we can define subfield of a field & Subdivision, ring of a Division 
ring. 

3.2. Subfield .. 

\ 

A non-empty subset S of field F is said to be-apbfield of F if 5 forms a 
field under the binary operation of F.\ ' 

3.2.1. Subfield Test 

S cF is said to be subfield iff V a, 

(i) a-b&S 

(ii) ab~^ e S 

Examples: 

(a) Q is subring of R 

(b) Z is subring of C . 

(c) The set E of even integers is a subring of the ring Z of integers. 

(d) The intersection of two subrings of a ring is a subring of R. 

Remark: The union of two subrings of R uot be a subring of R . 

(e) {0,2,4} is subring of (Z6,©g G6) 

(f) Z[i] = {a4-h/|a,heZ} is subring of (C,-t-,*) 

(g) S = (The set of all n x n Diagonal matrices over i?} is subring of 

(R) under matrix addition & matrix multiplication. 


2SA/11, (First Floor) Jla S«r«L Hiuz Khos. Near I.I.T- Wow Pettt-UjWl*. Pki (Ml>2«537527, CtU; 9999183434 A fmut 

































(h) 1^6, ®6, Oe) is not subring of (Zi 2 , ©n, ©e) 

(i) S = {a + bi + cj + dk;a,b,c,d eZj& R={a + bi+cj+(/k; a,b,c,(/eQj ^ 
where S is set of integral quaternions & i? is set of rational quaternions 
then S is subring of R. 

(j) S = |(r,r)|r e i?} is subring of RxR where is a ring. 

\\ a . a + b~\ 1 , . 

(k) S : a,b e M ^ &R- A /2 (R) then S is not a subring of 

[[a + o b \ J 

R. 

(l) Centre of a ring R, denoted by Z{R) , is a subring of R . 

(m) Normalizer N[a) of an element 'a' of a ring is a subring of R 
where A^(a)--{xei?|ax = ;ca} . 

Observations: 

(i) Center of a division ring is a field. 

(ii) Subring of a commutative ring is conunutatiye. 

(iii) Subring of a ring without zero devisor is also without zero divisors. 

(iv) There exist rings with unity 1 having a subring with unity not equal to 


r 


Example: Consider A /2 (Z) = 

■ u ■ f 1 
with umty 

lo ij 

subring of M 2 (Z) with unity 


Since 


a b 
c d 


. It is easy to verify that S = ■ 

0'^ 


: a,biC,d € Z| which is a ring 
^ a 0^ 


vO 0, 


: a € Z ^ is a 


0 0 


(“ 

0'^ 

fl 

"1 


^1 

o' 


0^ 


fa 0"' 

lo 

Oy 

.0 

0 . 


.0 

0. 

.0 

0. 


,0 0, 


ri 0^ 

fl 0^ 



lo 1, 

lo oj 


thus 


(v) There exist rings with unity having a subring without unity. 

Example: The ring Z of integers is a ring with unity. But the set E 
of even integers is a subring of Z without unity. 

(vi) There exist non commutative rings with commutative subring. 

Example: Consider the ring M 2 (Z) of 2 x 2 matrices over integers is 
non commutative 


/ 

1 

n 

'’0 

p 


^1 

n 

^0 

n 

fl 



^0 p 

since 

s 

0 

ij 


0. 



oJ’ 


oJ 

.0 

h 


ll P 

and so 

^1 

r 

To 

f 

\ 

'0 

r 

ifi 

p 






.0 

1 . 


0 

1 


o> 

llo 







“But the set S = < 


a 0 


..0 0 

commutative, since 


: a € ZI is a subring of M 2 (Z) which is 


'u 0^ 

'b o' 


(ab 0^ fb 0^ 

'a 0^ 

.0 0, 

.0 0, 


- 

0 

1 

0 

^0 

.0 0, 
























) There exist rings without unity having subring with unity. 


\a,b€.'L\ is a ring which has no unity. The 


Example: R = 


fi ovo on i] 

possible unity of ^ are , , I and it can be verified 

I 0 O) 1 0 0 1 0 0 I 

\ / \ y \ ^ 

that none of these is a unity of R. 


However, S - 


a ] - fI 0 

:a,beZ> is a siibring of R, which has 
0 0 . 0 0 


as the unity of S. . 

Definition: If S and T are two subring of a ring R , then their sum is 
defined as S + T = {a + b:a&S,b^T) 

(viii) Sum of two subring of a ring may hot be a subring, : 


\ a fO c\ 

Example: Let S = < :a,b,c£Z>, T = < :ceZ 

lU 0 ■{ 1 0 0 


It is clear that 


1 1 V 2 2 


1 0 2 0 


1 1 Y2 2 


■:S + T, = ^S + T 

I 0 12 0 U 2 


Hence S + T is not a subring of (^) '' 

(ix) In a subring ux = Z? can have more than one solution. 

(x) If /4 c 5 u C =i> .4 c 5 or c C where A,B 8c C are subring of 
ring R . 

(xi) Subring of integral domain will be integral domain. 

(xii) If be a ring with chari? = n then M 2 (f?) has characteristic n. 
(xiii) If 6' is a subring of a ring R then. 

(a) If char 5 & chari? are finite then char 5 < char i? 

(b) If & I? have same unity, then char 5 = char/?. 


3.3. Left Ideal 


Let /? be a ring and / be a subset of R then / is said to be left ideal of R 
if / is subring of R and for each r e/? and ael,ra si 


3.3.1. Right Ideal 


Let R he a ring and I be subset of R then 1 is said to be right ideal of R 
if / is subring of R and for each asl,r sR, ar el 


3.3.2. Ideal 


A subset / of a ring R is said to be ideal if / is both left ideal and right 
ideal. 


3.3.3. Ideal Test 


A Non- empty subset 4 of a ring R is an ideal of R if 
(a) a-b e A whenever a,b e A 
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(b) ra & arsA whenever a&A & r eR 

Remarks: 

(i) Let /? be a ring then subring R and {0} are ideal of R and called 
improper ideal of R 

(ii) An ideal I ^R of a ring R is called proper ideal 

(iii) Many authors consider {0} as proper ideal and rnany improper ideal. 
Examples: 

(a) { 0 } & i? are always ideals of i? & called Trivial ideals 

(b) « Z is ideal of Z. 

(c) M„ (^Z) is ideal of V.^ e Z 

(d) Let R be ring of continuous functions from M to M . 

Let^ = {/ei?|/(0) is even integerj 

Then A is subring but not an ideal of i?. 

(e) Let R be ring of all real valued functions of a real wariable. Then the 
subset S of all differentiable functions is a subririg of R but not an 
ideal of i?. 

(f) ^ = {( px,y)\x,b e Z} is ideal of Zx Z where, p is prime. 

Properties: 

(i) In a commutative ring R every left ideal or right ideal is ideal of R 

(ii) Every ideal of a ring is a subring of R but converse need not be 
true. 

Example: 

The set of integers Z is a subring of ring of rationals Q but it is not 
ideal of Q as 

— e Q and 3 e Z but —.3 = — ^ Z 
2 2 2 

(iii) Arbitrary intersection of ideals of R is an ideal of R . 

(iv) Union of two ideals of a ring R need not be an ideal of R . 

frjeflffi/jfe: We know / = (2) = {...,-4,-2,0,2,4,...} and 
J = ( 3 ) = -6,-3,0,3,6,...} are two ideals in the ring Z of integers. 

Now /uy = {...,-6,-4,-3,-2,0,2,3,4,6,...} and it is easy to see that 
and 2e/u J, but 3-2 = 1 ^ / O J, hence I\jJ is not an 
ideal of Z. 

(v) The sum of two ideals of a ring R is an ideal of R i.e. if I and J are 
two ideals of a ring R, then I + J = {a + b: a ^ I,b e J) is an ideals of 
R. 

(vi) If I and J are two ideals of a ring R, then their product IJ defined 

{IJ = a^b^ + a2b2+... + a„b„:aiBl,bi&J,\<i<n . 


and n being a positive integer} 


is an ideal of 
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(vii) If / and J are two ideals of a ring R, then IJqI+J. 

(viii) Let be a ring with unity 1 and / be an ideal of /?. If 1 e / then 
I = R 

(ix) Let be a ring with unity 1 and / be an ideal of R. If u el then 

I = R, where u is any unit element of R . 

(x) Let F be a field then {0} and F are only ideals of F 

(xi) Let i? be a ring then Centre of ring Z{R) is subring of R but it need 

not be ideal of F. 

Example: Let M 2 (Z) be the ring of all 2x2 matrices over the integers; 

(a b\ , f n 0^ , , 

For any X = e M 2 (Z) and A= e M 2 (Z) we see that 

P) 

Ax:4r''](‘‘ ‘’Y’’ °]~XA. ^ 


1,0 fJIc \,cp dp) d){0 :p)' - ; . ; . ■ 

Hence ^ = JeZ(M2(Z)). 

We proceed to show that Z(M2(Z)) is not an ideal of M2 (Z). 


(Ill (2 0^ 

Fori= 1 Uz(M, 


1 IV 2 01 (2 2 


, 'we have 


“Hi oil 2JH2 

Hence Z(M 2 (Z)) is not an ideal of M 2 (Z).,. 

Observations: 

(i) If F is a commutative ring then 

N(R) = |n|a e F & o'” = 0 for some m > l| is an ideal in F . 

N[R) is called nil-radical of F . 

(ii) If F is a commutative ring then V7 = |n e F a” e / for some n > 1 

Note: If / = 0 , Then yfl is the Nil-radical. 

(iii) Any ideal of Z x Z is of the form mZ x nZ; m,neZ 

(iv) If F is commutative ring, 0^02 . a„eR then 

I = F^i + Ra 2 + .+ Fa„ is a„ ideal in F . 

Explanation: If x,y el. Then x = +. 

y = Piai+-- + P„a„ 

x-y = (Xi-pi)ai+. + {X„-p„)a„eI 

” => x-yel 

& ax = aA,jaj+. + aX„a„eI;aeR 

=> axel 
Hence I is ideal. 
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(v) ^ be commutative ring 8l Ac.R. Ann[A)-[r&R]ra = 0 ya^: 
is an ideal. 

(vi) i.e. nil-radical of Z„ is non-zero iff n is divisible by square 
of a prime. 

Reason: Let n is divisible by square of prime p . 

Then n-p^m;X>2; g.c.d.(^m,p) = \ 

Then a = ;7OT€Z„; 0 & =0 

Thus Z„ has non-zero element d in the nil-radical. 

Conversely, assume that 
3 in nilradical. 

Then (a) =0 {X>2) 

If p is prime factor of u 
=> divides «; ^>2 

Remark: In Z„, 3 (non-zero) nilpotent element if and only if n is divisible 
by square of a prime. 

3.3.4. Ideal Generated by a Set 

Let S be any subset of a ring R. An ideal / of i? is said to be generated 
by S if 

(i) 5c/ 

(ii) If J is any ideal of R such that ScJ, then / c 7. 

We write ideal I as I = {S)- Indeed (^S) is the smallest ideal containing S 

3.3.5. Co-maximal Ideals 

Two ideals / and J of a ring R satisfying I+ J = R are called co- 
maximal ideals. 

Results: 

(i) Let I and J be any two ideals of a ring R. Then I+ J is an ideal of 
R generated by luJ. 

(ii) If I and J are two ideals of a ring R, then IkjJ is an ideal of R iff 
either / c 7 or J cl. 

(iii) Let / and J be two ideals of a commutative ring R with unity such 
that I + J = R. Then IJ = I nj. 


.■C ti; s' 
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Observations: 

(i) Let / be left ideal and J is right ideal of a ring then IJ is always an 
ideal of R but JI may not be even one sided ideal. 


Example: The set / = < :a,beZ\- is a. left ideal and 

lUo 


J = j ^ ^ : a,be ZI is a right ideal in the ring M 2 (Z) of 2 x2 


matrices over integers. 


We see that 


d')f a o'] f ac + bd O'^, 


0 0 u 0 0 0 


Thus JI = \ ;xeZ|. We take . S'^ :■ eJ/ and 

1 0 0 . I ■ 0 0 


A , , 

r=( I€M2 (z). 


1 n fi 01 

ST = \ 0/7 and 75= ^JI 

lo oj - ^1 oj 

Hence JI is neither a left ideal nor a right ideal of M 2 (Z) 

(ii) The intersection of two left (right) ‘idearsCl6f a ring 7? is a left (right) 
ideals of R. 

(iii) The intersection of a left ideal and right ideal of a ring R may not be 
even a one sided ideal of R. 


Example: The set 7 = < ; a,66 Z Ms a left ideal and 

lU oJ J 

1 

7 = 1 :a,Z)eZ|-isa right ideal in the ring M 2 (Z) of 2 x 2 
matrices over integers. 


M 0) o') 

Ir\J = < -.aeX} clearly, eIr\J and 

lo 0 Mo 0 


1 0 / N 


^ (\ oYi \] fi n 

But = 

0 0 1 1 0 0 


1 lYi 0^ ri 0 


1 IJIO OJ 0 0 


^Ir\J, 


(iv) The sum of two left (right) ideals of a ring R is left (right) ideal ofT?. 


(v) The sum of a left ideal and a right ideal of a ring R may not ideal of 
R. 
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-.a,b&'L \ is a left ideal and 


Example: The set / : 


\(a b\ I 

J = | Z| is a right ideal in the ring A /2 (Z) of 2 X 2 

matrices over integers. 


Wehave/ + J = <^ :x,y,z&'L 

OJ 


(I fi n 

Clearly, &r+J and e A /2 (Z) but 

, I 0 J 11 IJ 


fl- .iVl l^- Y-2 -2V . fl -lYl ' lY r2 I 
u oJY ij Yi iJ - li iJli oJ U 1 

Thus / + y is not even a one-sided ideal of M 2 (Z) . 


i I+ J 


(vi) There exist ideals / and J of a ring R such that / c; J c/? where / 
is ideal of J and J is ideal of R but,/ is not ideal of R . 


^Xi 

X2 

r A 




73 

:-Xj,y,-,zeZ 


0 




0 0 


0 0 X- 


7 = ^ 0 0 0 ixeZk y = ^ 0 0 y '.x.yeZ 

0 0 0 0 0 0 , 


Then / is an ideal of J,J is an ideal of R. But I is not an ideal of 
R, since 


1 1 iVO 0 iWO 0 1^ 

1 1 1 000 = 00 li?/. 

0 0 1 0 0 0 lo 0 0, 


(vii) Let 7? be a ring with unity and 7 be proper ideal of R then no 
element of 7 can have multiplicative inverse. 

(viii) Let 7 be an ideal of ring R such that I^R and R has unity 1 then 
U7 

(ix) Let 7 be an ideal of ring R and S be subring of R. Then 7 n 5 is 
ideal of .S' 

(x) Let Z be ring of integers and /m), (n) be ideals of Z. Then 

(a) (?«) + («) = (a), where a is GCD of m,n 

(b) = (^b), where b is LCM of m,n 






















(xi) Every ideal of M„ (R) ring of all (nxn) matrix over ring , is of the 
form M„ (y) where J is an ideal of R. 

3.4. Simple Ring 

A ring R is called a simple ring, if 

(a) There exist two element a, R such that ab ^ 0. 

(b) R has no proper ideals i.e., the only ideals of R are {0} and R. 

Results: 

(i) Every division ring is simple ring 

(ii) Let /? be a commutative simple ring with unity. Then R is a field. 

(iii) A commutative ring J? with unity is a field iff it'hia's-no proper ideals. 

(iv) The set of 2x2 matrices over rational numbersi.e., 

(Q) = If ^ 1 : a,6, c, y e q 1 is a simple ring- 


(v) Characteristic of simple ring is either zero or prime. 

(vi) If D is division ring (Z)) is siniple; 

3.4.1. Maximal Ideal 

An ideal M in a ring R is called maximal ideal of R ii M ^R and the 
only ideals containing M are M and J? he; if 3 ideal U of R such that 
MqR. Then either M = U ot U = R. 

Examples: 

(a) ^ = is maximal ideal of Z X Z where p is prime. 

(b) A = |(3x,y)| x,b e Z| is maximal ideal of Z x Z 

(c) p Z is maximal ideal of Z, where p is prime. 

(d) {(0,0),(0,1)}&{(0,0),(1,0)} are the maximal ideal of Z 2 x Z 2 

(e) 2 Z X Z is maximal ideal of Z x Z . 

(f) ^ = |/ € C[0,l]: / ij = 0 = /I is not maximal ideal. 

(g) /t = |/ G C[0,l]: / maximal ideal. 

3.4.2. Prime Ideal 

Let /? be a commutative ring. An ideal P is called a prime ideal if R 
and whenever the product ab of two elements a,b^R is an element of P, 
then at least one of them is an element of P i.e. whenever abe^P then 
either a e P or b e P. 
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Examples: 

(a) / = |(a,0); aeZ} then / is prime ideal of Z x Z but not a maximal 
ideal. 

(b) p Z is prime ideal of Z. Where p is prime number. 


(c) |(0,0),(0,l)^ & |(0,0),(l,0)} are the prime ideal of Z 2 XZ 2 . 

(d) ^^|/eC[ 0 ,l]:/|^ij =0 = /Q' 

(e) y4 = |/,eC[0,l]:/^-^j = o| is prime ideal. 

Results: 

(i) Let R be commutative ring. Then R is field if and onlyif {0} is 
maximal ideal of /?. 

(ii) An ideal M = nL= {nx : x e ^ is maximal ideal of Z if and only if n 
is prime number. 

(iii) Let ./? be a ring of all real-valued contiriupus fimction on the closed 
interval \a,b]. Then for c e {a,b), M = {f'e. R : /(c) = 0} is maximal 
ideal of i?. 

(iv) Let R he a commutative ring with tmity.,Then an ideal M of 7? is 

maximal if and only if — is a field. 

M 

(v) Let 7? be a commutative ring. Then an ideal M of 7? is maximal if 

and only if — is a simple ring. 

M 


I is not prime ideal. 


(vi) For each prime number p,-r-^ is a field. 

{P) 


(vii) Let 7? be a ring with unity. Then an ideal M of 7? is maximal if and 
only \i M + (a)-R \/ a iM. 

(viii) Let 7? be a commutative ring. Then the ideal P of 7? is prime ideal 
in R if and only if — is an integral domain. 

(ix) Let R be a commutative ring with unity then every maximal ideal of 
7? is prime ideal of R. But the converse need not be true. 

Example: {0} is prime ideal of Z but not maximal ideal of Z. 


(x) The prime ideals of Z are just the ideals generated by prime numbers 
p together with the ideal {0}. 






















(xi) Let \R be a commutative ring and I,J be ideals of R and P is prime 
ideal of R such that IJ c P. Then either / c P or J c P. 

(xii) Let R be finite commutative ring with unity. An ideal / of P is 
maximal if and only if / is prime ideal of R . 

Observation: 

(i) There exists a finite commutative ring which has maximal ideal which 
is not prime ideal. 

Example: Consider the ring R = [0,2,4’, 6} under addition and 
multiplication modulo 8. Then R is a finite commutative ring without 
unity has ideal {0,4} which is maximal but not prime. 

(ii) The intersection of two prime ideals of a ring R may nbt be prime 
ideal of R. 

(iii) The intersection of two maxiriial ideals of a ring R may not be 
maximal ideal of R 

Example.'Let / =(2)= {...,-6,-4,-2,0,2,4,6,...} and 
y=(3)={...,-9,-6-3,0,3,6,9,...}, 

Then / and J are two prime (maximal ideals) of Z we have 
/ n J = {...,-12,-6,0,6,12,....} = (6) 

Then / n J is neither a prime ideal normaximal ideal of Z 

(iv) The sum of two prime (maximal) ideals of a ring R may not be prime 
(maximal) ideal of P. 

Example:LQt P = Z and /=(2),/=(3) be prime ideals of Z. Then 
I+ J =( 2 ) + ( 3 )=Z, which is not a prime ideal. 

Note: Similar example can be used in the case of maximal ideals. 

(v) The product of two prime (maximal) ideal of a ring P may not be 
prime (maximal) ideal. 

Example: In ring of integers Z and I =( 2 ), J - (3) “are prime ideals 
of Z. 

But IJ - (2)(3) = (6) which is not a prime ideal. 

Note: Similar argument can be used for the case of maximal ideals. 

(vi) Let P be commutative ring with ideal / then if P is prime ideal of 
/ then P is prime ideal ofP . 

(vii) Let P be Boolean ring. Then each proper prime ideal P of P is 
maximal ideal. 
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CHAPTER 4 


RING OF POLYNOMIALS 


One of the mathematical concepts that students are most familiar with and most 
comfortable with is that of a polynomial. In high school students study polynomials 
with integer coefficients, rational coefficients, real coefficients, and perhaps even 
complex coefficients. Notice that all of these sets of polynomials with addition of 
polynomials and multiplication of polynomials are rings and in each case the set of 
coefficients is also a ring in this chapter we abstract all of these examples into one. 

4.1. Polynomial Ring 


= ^+,.. + aix + ao «eNU(0}| forms a ring 

with respect to addition and multiplicatioh of pplyhpiinials as defined below 

if /(x) = a„x”+... + ajX + ao 

& = +- + ^^^ + *0 , 

be two elements in i?[x] 


/(x) + g(x) = (ao +*o) + («l +^)x + (a 2 '+’ 62 ')x^+. 
/(x).g-(x) = C^+„x'"'^” +.... + C2X^+CiX + C() 


Where Q = aQb^. + ■*" ••• ■*" ^*^0 ring i?[x] is considered as ring of 

polynomials. 

Note: 

(a) In the first place, we’ll call ‘jc’ an indeterminate rather than a variable. 

'y 

The symbols x,x ~here are not unknown elements or variables fi’om 
the ring R. These are there only for convenience, say as place indicators 
for the elements aj,a 2 )— of the ring. 

(b) One of the polynomials in the ring Z[x] is lx, which we shall write 

simply as x. Now x is not 1 or 2 or any other element of Z[x], thus 

from now we’ll never write such things as “x = l ” or “x = 2”. We call 
X an indeterminate rather than a variable to emphasize this change. Also 

2 

we’ll never write an expression such as “x -4 = 0”, simply because 
x^ -4 is not the zero polynomial in our ring Z[x]. 

Examples: 

(a) Z[x] 

(b) Mfx] . 

1 
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(c) C[a:] 

(d) Z„lx] 

(e) Q[x] 

Degree of a Polynomial 

Let f[x') = aQ+aix + ... + a^x’'€iR\_x\, we say that /(j^) is a non-zero 
polynomial if atleast one of the co-efficients is non-zero. 

We say that /(jc) has degree n if ^O.We write it as deg/(;c) = n or 
deg/ = n. 

In other words, the degree of /(x) is the largest integer i for which the 
co-efficient of f{x) is not zero. Consequently, if deg/(ir) = «, then 
n„9i0anda, =0 ^ i>n 

We say degree of f[x) is zero if ng 9^0 and a, = 0 V/>0 
In this case / (x) is called a constant polynomial. 

Remarks: 

(i) We do not define degree of the zero polynomi al. 

(ii) If / (x) 0 e I? [x], then the degree of /(x) is a non-negative integer 

Note: Let 7? be a ring and /(x) and g{x) be two non-zero 
polynomials in i?[x] then 

(iii) If /(x)-i-g(x)9i0,then deg(/(x)+g(x))<max{deg/(x),degg(x)} 

(iv) If /(x).g(x)9i0,then deg(/(x).g(x)) <deg/(x)-i-degg(x) 

(v) If R is an integral domain, then deg(/(x).g-(x)] = deg/(x)-i-degg(x) 

Provided /(x),g(x)9i:0 , 

(vi) 3 rings i?[x], which has polynomials /(x),g(x) such that 

(a) deg(/(x) + g(x))<max{deg/(x),degg(x)} 

(b) deg(/(x).g(x)) <deg/(x)-i-degg(x) Provided that 

/(x) + g(x)9i0 ^/(x).g(x)9i0 

Example: 

(a) Let /(x) = 24-3 x + 4x^ €Z[x] & g(x) = 2-i-3x-4x^ eZ[x] 

f{x) + g{x) = A + ex deg(/(x)+g(x))=1 <max{deg/(x),degg(x)} 

(b) Let /(x) = l + 2x^,g(x) = 3-i-x-i-2x^ /(x),g(x)eZ 4 [x] 

/(x)-g(x) =3+x+6x^ + 4x^ -i-4x^ 
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= 3 + x + 2x^ 

= 3 + x + 2x^ ^deg[f(x),g(xfj^2 

Hence 2 =jieg(/(x) • g( a:)) < deg/(Jc) + degg (jc) = 5 

Observations: 

(ij If ring i? is CRU then i?[x] is CRU. Moreover, unity of i?[x] is 
same as that of i?. 

Proof: If R is commutative 

f{x) = a(, + aiX + ... + a„x’” 

g(x)-bQ + biX + ...+\x'‘ 

be two numbers of , then by definition of product. 

f{x)g{x) = aQbQ + {aibQ+aQbi)x + .... , 

= 6o<2o+ (^0^1+ 

= g{x)f{x) ^ ^ 

if R has unity 1 then the polynofnial e(x) = l + 0x + 0x^+.... is 
imityofR[x]. \ . 

Converse of the above result is also true. 

(ii) If R be a commutative ring with unity then units of R are also 
units of R[x] 

Proof: Let oq be unit in R 

3 some b^ eR such that a^b^ = 1 

Let /(x) = aQ+0x+0x^+... 

& g(x) = feQ +0x + 0x^+... 
then /(x).g(x) = aofeo=l 
/(x) is unit in R[x] . 

(iii) If R is an integral domain then units of R and R[x] are same. 

(iv) If R is CRU and have zero-divisors then R[x] may have more 
units than R. 

(v) If R is an integral domain, then R[x] is also an integral domain. 
Proof: Let R be an integral domain 

Let /(x),g(x) be two non-zero elements of R[x] such that 
/(^)g(x) = 0 
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where f{x)-aQ + a^x->r.... + a^x' 


g{x)=bQ+l\x + .... + b^x'^ 

Since both /(jc) & g(^) can not be constant polynomials 
If constants then oq 0, Zjq 5 ^ 0 

So a^bQ 7^0 "■ 

f{x)g{x)^0' 

Since atleast one of them is non-constant polynomial its degree is 
> 1 . 

R being an integral domain 

deg(/(x)g(j:)) = deg/(:r) + degg(x)>l.\^^':.'^ ^ 

Which is a contradiction as f[x)g[x) = 0 
=> either /(x) = 0 or g(j:) = 0 . , 

=> is an integral domain. . , 

(vi) If i? is a field then f?[x] is an intbgral domain. Infact, can 

never be field. \ v--’ " . 

Proof: Consider a non-zero poI)m.Qn^ ’ r 

/(;c) = 0 +Ix-i-Ox^\s. 

Let g{x)-bQ+b^x + b 2 :^+.... be the multiplicative inverse of 

f{x) 

then f[x)g{x') = CQ+c^x + C 2 X^ 

should be unity = l + 0;c-t-0j:^+.... of /?[jc] 

=> Cq=1, c,- = 0 V j > 0 

« 

where Cq = aghg = O.^q = 01 

hence no g{x) can be inverse of f[x'^-x 

=> R[x\ is not a field. 

(vii) If i? is a field. Then an element of I?[x] is unit if and only if it is a 
non-zero constant polynomial over i?.i.e., aei?[jc]-{0} is unit 
<=> aGl?-{0} 

(viii) If i? is a non-trivial ring. Then is always infinite ring. 

(ix) If characteristic of a commutative ring I? is /n . Then characteristic 
of ring /?[x] is also m. 

(x) If I is ideal of ring R, then /[x] is ideal of ring f?[x]. \ ^. - v 
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(xi) 


If 7? be CRU & ^ be an ideal of R . Then [ [x]. 


A[x] 





(xii) If R be a ring. Then ^ = R where (x) is ideal generated by . 

(-x) 

(xiii) If R is CRU & P be any prime ideal of R. Then P[x] is prime 
ideal of 

(xiv) If R is CRU & M is maximal ideal of R . Then M [x] may not be 
maximal ideal of R[x] . 

Example: Let R = Z, the ring of integers & 2Z be maximal ideal 
ofZ.-.- 


(XV) 


But 2Z[x] is not maximal ideal of Z[x] 

If F be an infinite field and /(x)_e F[x] if /(a) = 0 for 

/■fxT 

infinitely many elements ^ of F. Then ■' ^ / is a zero pol 3 momial. 

Consequently, if /(x),g(x)eF[x] and if, /(a) = g(a) for 

infinitely many elements ‘ a ’ of F then, /(x) = g(x). 

(xvi) If F is a ring. Then R can be embedded in F[x]i.e., every ring R 
is isomorphic to a subring of F[x] 

Proof: Define a mapping (|): F -> F[x’] 

as (|)(a) = a + 0x + 0x^ Mas.R 
this one-to-one since for any a,b e F 
<!>(«) = 

=> a + Ox + Ox^+.... = ^) +Ox-l-Ox^+.... 

=i> a-b 

« 

Now, we show that (j) is a homomorphism. 

We have, (t)(fl + 6) = (a + (j) + 0x + 0x^ -i-.... 

= + Ox + Ox^ + ...^ + ^b + Ox + Ox^ + ...j 

= ^{a) + if[b) 

and (j)(a6) = aZn-0x + 0x“+... 

= + Ox + Ox^ + + Ox + Ox^ + ...j 

= (t)(a).(t)(fi) 

Hence (|) is an isomorphism from F into F[x] 
i.e., F can be embedded in F[x] 
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(xvii) If R & R' are two isomorphicill^l^ tftea J?[x] and are also 
isomorphic rings. -ift 

(xviii) (j): ^ JlKfflKHBorphism then define 

\|/:i?[x] —>/?'[x] - as 

+ a2X + ... + a„x"j=:<l)(ag:]^%^(aj) + ... + (t)(a„)x" v|/ is also a 
ring homomorphism. • 

(xix) For each prime p , -1 = (x 4‘1)(^ ~2)...(x - (p -1)) in Zp [x]. 

(xx) Let R be a commutative ring if, ,/(x) = Oq + a^x +... + a^x"* e [x] 

is a zero-divisor, then 3 ^ element in R such that 

b%=ba\=-... = ba„j=Q 

(xxi) Let /(x) = ao+ + then, 

(a) /(x) is unit in ./?[x] ^Isl aQ is unit "-and d-^,a 2 ,...,a„ are 

nilpotent in i?. • \. , 

(b) /(x) € i?[x] is nilpotent tihpotent in R . 

(xxii) A polynomial /(x)eF[x] . -field) of degree n can 

have almost n zeros counting Qiti^ihs^. ’ ' 


(xxiii) The quotient ring 


numbers C. 


M[x] 

x^+l\ 


jic to field of complex 


4.3. Division Algorithm 

Let be a field and /(x),g(x) sil|||] with g(x)?!:0. Then 3 unique 
polynomials q{^x) and r(x) in F[x] sipithat /(x) = g(x)^(x) + r-(x)and 
either r(x) = 0 or degr(x) < degg(x)‘< 


4.3.1. The, Remainder Theorem 

Let F be a field and a^F and /(x)&F[x], fcen f(^a) is the remainder 
in the division of /(x)byx-a. 

4.3.2. The Factor Theorem 

Let F be a field and asFand /(x)6F[x]. Then a is a zero of /(x) iff 
X - a is a factor of / (x) 

4.3.3. Greatest Common Divisor (GCD) 

Let R be a commutative ring and /(jc) i s(^) he two non-zero elements of 
/?[x] . A non-zero element /t(x)e/?[i| is called GCD of /(x) and g(x) 
if 

(i) b(x) divides /(x) and h(x) dM^ and 

(ii) Whenever we have 0?>i*(x)e/i[3^>>»»eli4tat ^(x)/^(x), A:(x)/g(x) 
then A:(x)//z(x). Itis denotedby.^^ir),^x)) = A(x)' 
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43.4. Least Common Multiple (LCM) 

Let be a commutative ring and /(x),g(x) be two elements of 

i?[;c]. A non-zero element /(x) e /?[x] is called LCM of /(>) and g(;c) if 

(a> /(x)/l(x), g(x)/l(x) 

(b) Whenever we have 0 7 !:/!(x)ei?[x] such that /(x)//i(x) and 
g(x)/fi(x) . Then l(x)/h(x), LCM of is denoted by 

[/(^) = .gW]-^(4 

4.4. Irreducible Polynomial and Reducible Pol 3 aioiiiial 

Let R be an integral domain. A poljmomial / (x) e /fj^c|"^f^^ive degree 
(i.e. deg > 1 ) is said to be an irreducible polynomial can not be 

expressed aS product of two polynomials of positiv^d^r^^s^ other words, 
if whenever /(x) = g(x)h(x) then degg = Oor 


cSn not be 
other words, 


A polynomial of positive degree which is not irremtcihle exiled reducible 
over R. , 

■\ ^ 'X. 

• ^ \ 


Remarks: \ \ 

(i) Polynomials of degree 1 are irreducible ovSb-fipId F. 

(ii) We should be careful while talking ab 6 u^. 4 ^<lucible elements and 

irreducible polynomials as the foilo.wm^ example shows us the 
difference between the two. : 

Example: Consider the polynomial /.(jpJ = -i- 2 . Si^e it can not be 

expressed as product of two positive degree polynomials in Z[x]. 

We notice it is irreducible polynomial over Z. 

Again, 


2x^+2 


= 2(x^-(-lJ 


f.-'v--: -■ 


= product of two polynomials 
= g(x);!(x) (say) 

Since g&h are the non-units in Z and therefore of Z[x]. 

We find 2x -t-2 can be expressed as product of two non-units and thus 
/(x) = 2 x^ +2 is not an irreducible element in Z[x]. 

Hence an irreducible polynomial need not be an irreducible element. 

(iii)But every irreducible element in i?[x] is an irreducible polynomial 
where R is an integral domain with unity. 

Proof: Let /(x) e i?[x] be any irreducible element. 

Suppose /(x) is reducible polynomial 

Then /(x) = g(x)/i(x);g(x),/i(x) 6 i?[x] where degree g(x)>0, 
degree/z(x )>0 
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Since degree of g & /i is positive. 

=>g&h are not constant polynomials 
:.g,h^R 

^g,h cannot be units in R 
=>g,h cannot be units in 
• => /(jc) is not irreducible eleirient . 

This contradiction proves our result. 

(iv) If F is a field, then every irreducible polynomial of F [x] is irreducible 
element of F [x] and conversely. 

5. Ifreducibility Tests 

1 . If a polynomial /(x) is of degree >1 and /(a) = 0 for some a&F. 

Then /(^) is reducible over F , where F is a field. 

2. Reducibility Test for degree 2 and 3 : Let F be a field if 
/(jc)eF[x] and deg/(x) -2 or 3 then /(jc) is reducible over F if 
and only if /(x) has a zero in F . 

Example: 

(a) /(;c) = 2 j:^+ 4eM[;c] 

Since /(x) has no zero in M 
=> /(x) is irreducible over K 
But, it is reducible over C. 

(b) f[x) = x^-l^^[x\ is irreducible over Q , since /{x)' has no 
zero in Q. But it is reducible over M. 

(c) /(r) = +1 is irreducible over Z 3 , but reducible over Z 5 . 

3. Let /(x)eZ[x] if /(x) is reducible over Z , then it is reducible over 

Q. 

4. Mod p irreducibility Test: Let p be a prime and suppose that 
/(x)€Z[x] with deg/>L Let /^(x) be the polynomial in Z^[x] 
obtained from /(x) by reducing all the co-efficients of /(x) modulo 
p if /(x) is irreducible over Z^ and deg/(x) = deg/^(x) , then 
/(x) is irreducible over Q. 

Remark: Be careful, do not use the converse of above statement if 
/(x)€Z[x] and /^(x) is reducible over Z^ for some p, /(x) may 
still be irreducible over Q. 

For example, consider /(x) = 21x^ - 3x^ -(- 2x -f- 8 
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£ 


Then / 2 (x) = x^+x^eZ 2 [x] 

x + l) is reducible 

But /(x) is irreducible over Q. 

Note that, this example shows that mod p irreducibility test may fail 
for some p and work for others. 

To conclude that a p^cular /(x)eZ[x] is irreducible over Q. All 
we need to do is to find a single p for which the corresponding 
polynomial fp (x) is Z^ [x] is irreducible. 

Hpwever, this is not always possible since f {x) = x"* +1 is ip-educible 
over Q but reducible over Z^ for every prime p . The modp. 

irreducibility test can be helpful in checking for irreducibility of 
polynomials of degree greater than 3 and polynomials with rational 
coefficients. 

Examples: 

(a) /(x) = +2 jc+9 

then over Z 2 , we have ^ (x) = x~ + x?, +1 
^ 2 ( 0 ) = ! and 7 ^( 1 ) = 1 
^ /2 (x) is irreducible over Z 2 
^ /(x) is irreducible over Q. 

(b) / (x) = 6x^ + Sx^ + 6 x - 4 

then over Z5, /5 (x) = x^+3x^ + x-4 
/5(0) = 1, /5(1) = 1, /5(2) = 3 
/5(3) = 3, /5(4) = 2 
=> / 5 (x) irreducible over Z 5 
=> /(x) is irreducible over Q. 

5. Let F be a field and aeF and a^O 



(a) If u/(x) is irreducible over F,then /(x) is irreducible over F. 

(b) If f{ax) is irreducible over F,then /(x) is irreducible over F. 

(c) If f[x + a) is irreducible over F, then /(x) is irreducible over 
F. 

6. Eisenstein’s Criterion: Let /(x) = a„x"+... + ^0 if 

3 a prime p such that p\ci„, p! an-l-’ P ^ ^ 

then /(x) is irreducible over Q. 
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Examples: 

(a) Let f[x) = x^-Ax + 2 

Let p = 2 then p! -A, p 12, pX\, p'^\2 
=> /(a:) is irreducible over Q. 

(b) Consider the polynomial /(^x^ = x^ +1 
Since, there is no prime which divides 1. 

We can not apply the Eisenstein’s Criterion to / (x). 

Consider /(x+l) = (x + l)^+1 
= x .+ 2x .+ 2 

i2q = 2 , — 2 , ^2 “ ^ 

Take p = 2, then pl2, p\\, p-\2 
=> /(x + l) is irreducible over Q 
=> /(x) is irreducible. 

(c) Let/(x) = x^+x^-2x-l 

Since there is no prime that divides 1, we can not apply the criterion 
here. 

Consider /(x + l) = (x + l)^ + (x + l)^ -2(x + l)-l 

= x^ + 4x^ + 3x -1 
We have the same situation 
Let us consider 




/(x-l) = (x-l)^ +(;c-l)^-2(x-l)-l 


• 3/^2 1 

= x ~2x —x—l 


Again it is not possible to apply the criterion. 

Consider /(x + 2)=:x^ + 7x^+14x + 7 
Then p = l will work here 
as 7/7, 7/14, 7/7, iXl, l^Xl 

thus by Eisenstein’s Criterion,/(x +2) is irreducible & hence 
/(x) is irreducible. - ,■ ■; 

Remark: One may note that Eisenstein’s Criterion is not necessary for 
irreducibility of a polynomial. As we have seen there does not exists 
prime p such that p /1 (althou^ the polynomial could be irreducible). ‘ 

X — x + 1 is irreducible over Q but Eisenstein’s Criterion is not _ ^ 

applicable. * ’ ^‘ 
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Example: The polynomial fi^x^-x^-x + l is irreducible over 
Suppose it is reducible, then it has a root in Q. 

Let — E Z & n^O, (m,«) = l| be a root. 


Then —-- — +1 = 0 

n^'n 


3 2 ' 3 

m -mn +n =0 


J 2 


= n — 


rp'. In? n!n? 1 => n1 1 [as (m,«) =■ l] 

n =.±1 


or that m -m + l-0 


i(^m^ -1^ = 


—orthatm = ±l 

-1 . 

vrhich gives 1 -1 +1 == 0 

which is not possible. Hence x -x + l is not reducible over Q. 

7. If is a prime number, then the polynomial x" -p is irreducible over 
the rational numbers Q. 

8. Irreducibility of pth Cyclotomic Polynomial: For any prime p , the 

—1 

/?th cyclotomic polynomial (j)^ (x) ==-j- = xP~^ + xP~^ +... + x +1 is 

irreducible over Q . 


Proof: ())„(x)-:f^ ^+xP ^ + ... + x + l = 


;c^-l 


(^p{x+i) 


_ (x + 1)^ -1 + PC,xP-^ +...PC,xP-^+...+ PCp -1 

(;c4-l)-l X 


+ PC^xP-^+...+ PCp_iX 


= xP-^ + PC,xP-^+...+ PCp_i 

o .. • 

Since, p is prime number • • 

pl^C^ \/\<r<p-\ 
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Also ^Cp_i - p or p^\ ^Cp-\ & pXl 

Hence, by Eisenstein’s Criterion /(x +1) is irreducible 

Therefore f{x) is irreducible. 

Examples: 

(a) 1 + a:+x is irreducible over Q. 

(b) 1 + a:++... + x'^ is irreducible over Q; 

Observations: 

(i) Maximal ideals of Z[x] is of the form 
{p,x)^[pf(x) + xg(x)|/(x),g(x)eZ[x]| where p is prime 

, integer. ■ , ' 

(ii) If p is prime number, then the iiumber of reducible polynomials 

2 

of the form x +ax + b over Z^ are '• , —- 

■P- . , '2 .. 

(iii) If p is prime number. Then number of irreducible polynomials 

2 p{p — l) 

over Z„ of the form x + ax+5 are . 

(iv) (x) is prime ideal of Z[x]. < - 

(v) (x) is NOT maximal ideal of .Z[x]; 

(vi) (x +1) is maximal ideal of Q[x]. 

(vii) i^x^ +is maximal ideal of M[x]. 

(viii)Let F be a field with /?" elements then 
(F,+)sZp+Zp+...+ Z, &(F-|0},.)sZ 

'-V-' \ 

rt-copies 

4 , 6 . Some Important Theorem 

1. .Let F be a field and g(x)eF[x]. Then (p(x)^ is maximal ideal in 

F[x] if and only if /i(x) is irreducible over F. 

2. Let F be a field and p{x) is irreducible polynomials over F. Then 



/H j 


is a field. 


3. Let F be a field and j3(x),a(x),6(x)eF[x] if p(x) is irreducible 
over F and p{x)!a[x)b[x) then p(x)/a(x) or p{^x)lb{x) . 

4 . Let /(x) = a„x" + a^_jx”“^ +... + Ujx + Uq e Z[x] and a„ 9^ 0 let 

Y 

q = — eQ be such that f{q) = 0, where r and p are relative prime. 
P 

Then r divides Oq and p divides a„. 

i 

5. For each prime p, 3 field of cardinality p" V n e N. 
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Construction of Such Fields 
Algonthm: 

(i) Take a irreducible polynomial in ^^[jc] of degree n. 

(ii) Make ideal (/?(jr)) 

• / \ Z\x\ 

( o nn/^Fijar^F Mr»rr r' L J 


(iii) Make a quotient ring 




Which is our required field 






Notice that any member A:(x) + (p(x)) of , ^ is of the form 

: {pi^)/ 

ao+aiX + ... + a„_ix"-^+{p{x)) 

^ r 1 

Thus ^^^ = {ao + aiX + ... + a„_,j:""U(p(x))|qi eZ^} 

Since a,-e{0,1,2,...,p-l} 

There a/s can be chosen in p ways each chbiQe of a, can be selected 

' Z^xl 

in n ways. We find number of elements in , ^ r will be 

px px.,.x p 
«-copies 

ZJx] 

Hence , , is a field of p” elements 

Example; To construct a field of 9 elements. 

Consider /(x) = 2 + x + x^ 

« 

Clearly, /(x) is irreducible polynomial in Z 3 [x] 

{/(^)> is maximal ideal of Z 3 [x] 

Zafx] 

=> is a field 

(/(=')) 

Now, for /(x),p(x)eZ 3 [x] 

3 t(x),r(x)e Z[x] such that 
pW = /WT(x) + r(x) 

Where either r(x) = 0 or deg r[x)< deg / (x) = 2 

o 

In either case r(x) is of the type ox+ 6 ; where a,b&Z-^ \ 

So p(x)-r(x)=/(x)f(x)G(/(x)) 





















i.e., p{^3^-r{x)el where / = (^/(x)) 

^ p(x)-r(^) + / = / 

i.e., p[x)-^I = r{^x) + I =ax + b + lyf[x)^ 

. / / \\ 

Hence any member / 7 (x) + ^/(xj^ of ^ is of the form 
axTfb + (/(x)) 

Thus = {ax + b +(/(x))| e Z 3 } 

Since a,Z) e {0,1,2,3} chn be chosen in three ways and for each choice q,b 
can be selected in three ways. 

ZtTx] 

We find the numbers of elements of . ,, will be 3 x''3 = 9 

(/(4 
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CHAPTER 5 


ED, PID, UFD 


5.1 Square Free Number 

Let be a non-zero rational number, then it is said to be square free if it is 
not divisible by square of any prime number. 

5.1.1 Quadratic Field 

Let d be a square free number. Let iis define = |« + b4d \a,b €q| 

as a subset of C, the set of complex number. Clearly, Q(^/i ] is subfield of 



Examples: 

(a) Q[^>/Mj = Q[/] is a quadratic field. 

(b) Q Vs ] - {<2 + b'Js : a, 6 € q| is a quadratic field. 

5.2 Principal Ideal 

An ideal generated by a single element is said to be principal ideal. 
Examples: 

(a) Every ideal of is principal ideal. 

(b) Every ideal of is principal. 

Observation: If is a ring and (i?,+) is cyclic group then every 

ideal is generated by single element hence principal ideal. 

5.2.1 Principal Ideal Ring 

A CRU is defined as PIR if every ideal is principal. 

Examples: 

(a) Z ^ is principal ideal ring. 

(b) Z is principal ideal ring. 

5.2.2 Principal Ideal Domain 

An integral domain R is said to be principal ideal domain if each ideal I of 
R is a principal ideal. 

i.e., I-{^a) = [ar\r bR] for some ae/ 

Examples: 

(a) Every field is PID. 

o 

(b) Zp [x] is PID. 

(c) Z[x] is not PBD. 
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5.2.3 Norm on an Integral Domain 


Let R be an integral domain then function .V: i? —> Z"*" U {O} with 
N (O) = 0 is called norm on domain if A'^(a) > 0 ^ 0 ^ a e R, N is called 
positive norm also. 

Examples: 

(a) In Z[i] , the ring of Gaussian integers, the function 
A^: Z[i]Z'*'U{0} defined as N[a + ib) = +b^ Va + ?A€Z[i] is a 






(b) In any integral domain R , the function N:R-^ Z+U{0} defined as . 

. Af(a) = 0 Vaei? is a norm on R. 

5.2.4 Euclidean Domain 

Let R be an integral domain if 3 a norm N on R such that 

(i) N[a • b^> N[a) y a,b^O€R 

(ii) For any ae R,beR~{0] 3q,reR snch that a = bq + r, r-0 or 
N[r) < N(b) then R is said to be Euclidean domain. 

Examples: 

(a) Z is ED with norm //(a) = |a |, the usual absolute value of a. 

(b) Every field F is ED with norm N as N (a) = 1 V 0 5^ a e F 

Proof: Let b^() s.F, then ab^O consequently. 

7V(a) = l and 7V(aA) = l 

=> N[a)<N{^ab') 

Also b^OeF ^ b~^ gF 
So a = (^ab~^^b + 0 = tb + r 

where t= EF & r = OeF 
hence F is ED 

(c) Z [f] is ED with norm 7V(a + ib) = a^ +b^ y afsZ 

(d) The ring ^\/2 j = |a + 6V2 :a,6 e ^ is an ED under the norm 
defined as A'(^a + h\/2j = |a^-2A^ ya,bsZ 

(e) The field of rational numbers Q is not an Euclidean domain under the . ° 

norm N defined as A^(a) = |a|, the usual absolute value. 

(f) The ring ^V^J = |<2 + AV^:u,he^ is not an ED as there does not I , 
exists any no’rm on z[^>/^ j. 
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5.2.5 Unique Factorization Domain (U.F.D.) 

An integral domain R with unity is called a unique factorization domain 
(U.F.D.), if it satisfies the following conditions: 

(i) Each non-zero element of R is either a unit or can be expressed as a 
product of finite number of irreducible elements of R. 

(ii) . The above Decomposition is unique upto the order and associates of 

the irreducible elements it means if a non-zero, non-unit element 

ubR is expressible as a = p\P 2 -—Pr where p-s 

and qj's are irreducible elements of R , then 3 a one-to-one 

correspondence between p/s and ^/s such that the corresponding 
elements are associate! In particular r = s. 

Examples: 

(a) M [x], ring of polynomials over field of real numbers R. 

(b) C[x], ring of polynomials over field of complex number C . 

(c) The ring Z[/] of Gaussian integers. 

(d) Z[x] isU.F.D. 


(e) For D<0, z|^x/Dj = |a 


\+4d 


[+ ^ ii; a,be'L \ is U.F.D. if and 


only if D--1,-2,-3,-7,-11,-19, ^3,-67,-163 
(f) Forn>3, Z ; a,Zi e z| is never U.F.D. 




Note: All the containments are proper recall that Z is a E.D. but not a 

r!_lJ 'T'l. ^_-_ r-n ri+AI?l. 1_J._J.T?T\ 'TZp.'l 


field. The quadratic ring Z -- J is a P.I.D. but not E.D., Z[x] 

is a U.F.D. But not PID and z|^-v/^J is an integral domain but not 
U.F.D. 

Observations Over ED, PID, Ul[D 

(i) If is a field, then i?[x] is EE). 
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Proof: Since R is field =?> i?[x] is I.D. 

Further for any two non-zero polynomials /(;c),g(;c) e , we 


deg|/(.v)g(.v)}-deg/(x) + degg(x)>deg/(x) 

(Since degg(x)>0) 

V deg/(x)<deg(/(x)g(.t)) ...(l) 

We define the norm N on i?[x] as follows. 

A^(/) = deg/(x) V/(x)?iOei?[x] ...(2) 

then Af(/)>0 

from (l) & (2), we see that 

7y(/)<Af(/g) V/^0, g^0eJ{[x] 

and by division algorithm for /(x) 0, g(x) #0g J?[x] 

there exists/(x),r(x) € i?[x] 

such that /(x) = /(x)g(x) + r(x),. : • ^ 

where r(x) = 0 or degr(x)<degg,(x) 

f — tg-^r where r = 0 or A^(r) < jV(g) 
is E.D. & hence P.I.D. and U.F.D. 

(ii) Let A,B be non-zero ideals of a PID R , generated by a and h 
respectively then A.B is ideal of R generated by ab i.e. if 
A = (a) & B = {b) , then AB = {ab) 

■ (iii) If is a PID, then each non-zero element a,b e R have GCD in R . 
Also, if de.R is GCD of a and b then d = 'ka + \\b •, for some 

A,,|Lie/? 

(iv) Let be a integral domain and a,b be non-zero elements of R then 

(a) alb andZi/a => {a) = {b) 

(b) a and b are associate =?> (a) = {b) 

(v) Let i? be a PID. Let ifj e i? be GCD of a and b, then dj^R is a 
GCD of a and b if and only if dj and d^ are associates. 

Proof: Let dj be g.c.d. of a,beR 

Let d 2 e i? be an associate of d| then dj -ud 2 for some unit ueR. 

If follows that d 2 / dj, where d 2 / a and d^/b 
0 

Consequently, d 2 la and d 2 lb -(l) 
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let xei? be suchthat jc/a and x /6 . ■••( 2 ) 

Then x! d^, since is g.c.d. of a and b. 

We have d^ = ud2 

d^l di ■ 

Hence x/d^ and d^ Id2 ^ xld2 •••(^) 

from (l),( 2 ) and ( 3 ) ; ^2 is also a g.c.d. of a and b. 

Conversely, 

Let and ^2 e i? be any two greatest common divisors of a and' b 
then d^l a and d^tb 

also, d2l a and d2l b 

since d^ is g.c.d. of a & b => ^2 / 

since ^2 is g-c.d. of a & 6 => / cf2 

as (^2 / dy & dy I d2 

=> & <^2 are associates 

(vi) Two non-zero elements of a PID R are relatively prime if and only if 

g.c.d. of a & b is unit. ' ’ 

(vii) If i? is a PID and a,b are non-zero elements of R, then a,b have 
L.C.M. in R . 

(viii) If i? is a PID and /j ei? be L.C.M. of a,b&R, then /2 eis L.C.M. 
of a and b iff /] & I2 are associates. 

(ix) Let i? be a PID and a,b are two non-zero elements of R , then 
LCM (a,b). GCD(a,b) = a. b.u for some unit u of R. 

Proof: Since I? is a PID, a &,b possess g.c.d. and /. c.m. we suppose 
that 

d = (a, 6 ) = g.c.d. of a & b 
/ = [a,b] = /.c.m. of a&b 

By definition of/.c.m. all zxiAbU ...(l) 

=> l~ax, I = by for some x,y&R 
Since d is gcd of a &.b 
3 ^ & |i G i? such that 
d = 'ka + \ib ^ l(Xa + \ib) = ld 

o 

Id = lXa + l\sb \ 

Id = byXa + ax\ib 



28A/U, (Pint Floor) Jia Sarai, Hanz Khas, Near U.T., New DeUu-U0016, Ph.: (eil>-2<537527, GeU: 9999183434 & 9899161734, 8588844789 





















An ISO 9001 : 2008 Certified Institute 


=> = + => ab! Id 

By definition of g.c.d. 
d / a and d ib 

=> a=dr and b = ds for some r.s&R 
ab = drds = (drs)d 


a-dr and dr /drs 


=> a / drs, b — ds 
and ds I drs => I 



and ds / drs => bl drs 

\ a / drs axvi b I drs ' . ...{ 4 ): : " . i ^ 

From (l) and ( 4 ) 

/ / drs and so drs = lt 
For some fe/? 

Putting in (3) gives 
ab = ltd={ld)t 

^ Id / ab ■ , —(^) 

From (2) and ( 5 ) ab and Id are associates. 

Consequently, 

Id =uab, for some unit ueR 

Hence \a,b\{a,b) = abu, for some unit u&R. 

(x) Let R be PID & a eR then a is prime element a is irreducible 
element. 

(xi) Let if be a PH), which is not a field, then an ideal I = (a) is maximal 
ideal if and only if a is an irreducible element of if. 

(xii) Let if be a PID and 1 be non-zero ideal such that I^R, then I is 
prime ideal if and only if / is maximal ideal. 

Proof: Let I ^R he non-zero prime ideal 

Since if isPK), / = (a) for some we shall prove P is 

maximal ideal of if. 

Let M be any ideal of if such that 1 qM qR . We can write 
M = (i?) for some b e M 

Since ae/and icAf => aeM 

, => a=&c, for some xeif • 

i Since / is prime ideal of if and a el > ' ?' 

either bel 01 xel [{ b el " 
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then (6)c/=>Afc/=>Af = / 
if x^I ={a), then .r = ay for some v s R 
consequently, 

a-bx => a-bay => a.I —a.by 
=> by — \ ^ ^ is a unit 

Since M is an ideal of R . Containing a unit b, M = R 
Hence / is a maximal ideal of i?. 

Conversely, every maximal ideal of R is a prime ideal of R. Because 
is commutative ring with unity. 

(xiii) If R is a P.I.D. then every ascending chairi of ideals 
(ai)c(a 2 )£(a 3 )e....c(a„)c... is finite 

(xiv) The quotient ring of a PID by a prime ideal is again a PID. 

(xv) If R is an ED with nomi N and a e R be arbitrary then a is unit if 
and only if N (a) = A^(l) 

Proof: Since is a ED, \ eR 
Then by definition of ED 

Ar(l)<Ar(l.x) yx^O&R ...(1) 

N(^1)<N(^x) 'ix^OeR 
Condition is necessary 
Let ubR be a unit in R 
then a /1 i.e. 3 some b^R such that 
ab = l, then by definition of ED 
N[a)<N[ab) or N[a)<N(l) 

From (l) A^(l)<A^(a) 

Hence N{l)^N{a) 

Condition is sufficient 

Let N (l) = A^(i) we shall prove that a is unit. 

By definition of E.D. for l,a e i? 3 r,teR such that l-at+r 
where either r = 0 or N(^r)<N (a) 

if r5^:0 then A^(r)<A^(a) => iV(r)<Af(l) 

which contradicts (l). 

o 

A- = 0andso Ipflt a/1 

^ a is unit. 
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(xvi) As a consequence of above result it follows that the only units of Z[j] 
are +1, ±i. 

(xvii) In ring of Gaussian integers, Z[/] a + ib is not a unit then 

2 u2 , 

a -rb >I 

(xviii) Let R be an ED with norm N and a,b be two non-zero elements 
. of i?. Then b is not a unit of R if and only if N(a)<M(ab) 

(xix) Let R be an ED with norm N. Then 

(a) A(a) = A(-a) ^/Oj^aeR 

(b) If A^(a) = 0 & 05>!:a€/?,then a isunitin/?, 

(c) N[a) = N[ab) if and bnly if ib is unit in i? where 
O^a, O^b, a,beR 

(xx) R isaU.F.D. o i?[x] isaU.E.D. 

(xxi) In U.F.D. every pair of non-zero elements have a: g.c.d. and l.c.m. 

Content of a Polynomial 

Let /? be a FED and /(x) = a„x" +a„_ix"~^ +... + aiX + aQ such that a„ 
be a non-zero polynomial over R. The content of f {x) is greatest common 
divisor of co-efficients ao,a^,...,a„ is denoted by c(/). 

.1 Primitive Polynomial 

Let be a principal ideal domain then a non-zero polynomial f(x) over 
R is said to be primitive if the content of / (x) is unity of R. 

Results: 

(i) Let R be a U.F.D. and /(x) be anon-zero polynomial /(x) over R 
then /(x) = q/'j(x) , where a = c(f) & /j(x)€f?[x] is primitive 
polynomial. 

(ii) If R is U.F.D. and /(x),g{x) 6f?[x] then C(/g) = C(/).C(g) 

(iii) Gauss Lemma; Let R bet a U.F.D., then the product of two primitive 
polynomials in i?[x] is a primitive polynomials in i?[x] 

(iv) If R is U.F.D. and /(x),g(x) 6/?[x] such that their product 
/(x).g(x) is primitive polynomial then /(x) and g(x) are also 
primitive polynomials. 

(v) There exists polynomials which are primitive and irreducible both! 
Example: /(x) = x^-6x + 3eg[x] 

(vi) There exists polynomials which are primitive and reducible. 

; Example: /(x) = x^-5x + 6 = (x-2)(x-3) e g[x] 
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(vii) There exists polynomials which are not primitive but irreducible. 
Example: /(x) = 2x"-4eZ[.r] 

(viii) There exists polynomials which are neither primitive nor irreducible. 

Example: /(x ) = 2x^-8-(2x-4)(x + 2)e(2[x] 

(ix) If J? is U.F.D. then any /(x)Ei?[x] is an irreducible element if and 
only if either /(x) is an irreducible element of R or /(x) is an 
irreducible primitive polynomial of i?[x]. 
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CHAPTER-6 



RING HOMOMORPHISM 

6.1. Let R&R' are two rings and then a map ^:R^R' is defined as ring 
homomorphism if 

(i) f{a + b) = f{a)@f{b) ^a,beR 

(ii) f{a-b) = f{a) Qf{b) ya,beR 

Where + & • addition & multiplication of ring /{ and © & 0 are 
addition & multiplication of/?' respectively. . 

Let us try to understand the schematic representation of a ring 
homomorphism by given figure;- v 





_ • 

^(a)®(p{l>) 


\ 


The dashed arrows indicate the results of performing the ring operations. 
Example: 


(a) Let R = ' a,b&'L> be ring & Z is ring of integers. 

b a 


Then, ^:R- 


Such that (]) 


(J) is a ring homomorphism. 

(b) F be the ring of all mappings E into Ewith point wise addition and 
point wise multiplication. 

Then V a e E , we have the evaluation homomorphism 

(c) The map (j);Z->Z„ 

Where (|)(fl) is the remainder of a modulo « then (j) iS" a ring 
homomorphism for each positive integer n. 

(j)(a + 6) = (j)(a)+(j)(/)) (From group Theory) 

a = q-^n + r\ & b= + ^2 ( 
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a-b= ( 9 in + ri)(^2« + '2) 

= « (91 'l ^2 + 9 l '’l'2 
(|)(a-6) == /-, /-2 =(j)(a)G„ ^{b) 

=> (|) ; Z -> Z„ is ring homomorphism and this homomorphism is 
called natural homomorphism from Z to Z „ 

(d) Projection Homomorphism: let . R„ be rings, Vi The map 

71; :i?i xi ?2 x-x.^„ i?;, defined by Ki{ry,r 2 ,r-i,..:,r„) = rj 

(e) (j): C—> C such that 
^ (^a + ib)-a - ib 

Then (j) is a ring homomorphism. 

As (j) [(a + iZ)) + (c + iJ)J = (j)((a+c) + i(Z7 +J)) 

= (^a + c)-i[b + d) 

= {a-ib) + {c-id), 

= (j)(a + iZ?) + 4i(c 4-i^i) 


(j)[(a + iZ))(c +W)J = (j)((ac-M) + i(<3J+ Z)c)) 

= [ac -bd)-i[ad + be) 

= (a - ib)c-id (a + ib) 

= {^a - ib){c - id) 

= (j)(a + iZ7)(|)(c + id ) 

Results & Properties: Let (j) be a homomorphism from a ring i? to a ring 
R'. 

Let T be a subring of R and B an ideal of R' then 

(i) <|)(0) = 0' 

(ii) yaeR 

Because (j) is a group homomorphism from {R,+) to (i?', ©) as well. 

(iii) For any rsR and any positive integer n , (t)(«7-) = «(jj(r) and 
(j)(r") = ((t)(r))" 

(iv) (t)(T) = {(t)(a)|aeT} is a sub ring of R' 

(v) (j)“^(5) = |r‘Gi?| (t)(r)€5| is an ideal of Z? 

(vi) If T is an ideal and (j) is onto R’ .Then (J)(T) is an ideal in R'. 
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(vii) If R is commutative then is coramutative.Z 

(viii)If R has a unity 1, and (() is onto, then (j)(l) is the unity of/?’. 

(ix) If aGR is nilpotent element then (})(«)£/?' is nilpotent. 

(x) If e G /? is idempotent element then (J)(e)G /?' is idempotent. 

(xi) Let R-,S,T be three rings such that /:/?—>5 and g'.S^T are ring 
homomorphism then their composition gof :R->T is also a ring 
homomorphism. 

Kernel of Homomorphism 

Let (J) be a homomorphism from a ring /? to a ring R ' 

Then ker cj) is defmed as:, 


kertj) = g /?| ([)(r) = 0| 


Example: Let /? = | ^ ^ a,Z)GR| be a ring &:^; /?—>M such that 

bT] 

(j) ^ ^ = a be ring homomorphism. 

fro 6] 1 ■ 

Then ker(j) = ^ :Z)GRk 

l[o oj I 

Properties: If (|) is a homomorphism from a ring /? to a ring /?', then 

(i) ker(}) = {0} ifandonlyif / is one-one 

(ii) ker 4) is an ideal in R 

(iii) Every ideal in ring R is the kernel of a ring homomorphism of R. In 
particular, an ideal A is the kernel of the mapping. 

, r. R 
(b : /? — 

A 

Such that <(>('■)= r + A 

,^„ /? . . . 

Where — is quotient rmg. 

A 

(iv) If ker (|) has m elements then (|) is /n to 1 map. 

Isomorphism 

A one- one homomorphism is defined as isomorphism. 

Isomorphism Rings 

Two rings /?&/?' are said to be isomorphic if 3 one-one onto 
homomorphism between them. 

And then Rings R&R' are said to be abstractly identical i.e. they represent 
same structure (Object) in two different notations (language). 
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Properties: If (j) is a homomorphism from R to R' then: 

(i) (j) is an isomorphism if and only if (j) is 
kerij) = |r €/?| (])(/-) = oj = {0} 


onto and 



(ii) If (j) is an isomorphism from R onto /?'Then (j) * is an isomorphism 
from R' onto R. 

(iii) Every isomorphic image of an integral domain is an integral domain. 

(iv) Every isomorphic image of a field is a field 

(v) Every isomorphic image of a division ring is a division ring. 

Example: 

(a) As abelian groups, (Z,+) and (2Z,+) are isomorphic under the map 
(j) : 

Where <t)(jc) = 2j: VjceZ 
But (() is not ring Isomorphism. 

Because; if[xy) = 2xy 
&(t)(x) = 2n,(t)(y) = 2y 
^{x^{y) = 2x-2y = 4xy^^{xy) 

(b) Let r, 5 e Z & g.c.d.(/-,j) = l 

Then the rings Z„ and Z^ x Z^are Isomorphic rings. 

Additively, they both are cyclic abelian group of order rs with 
generators 

1 & (l, l) in an additive group Isomorphism 
Now, for multiplicative condition: 

(t)(m ■ n) = m «(1,1) = [m • (l,l)][« • (l,l)] 

= (|)(7n) •([)(«) 


(c) (j): C ^ C ; Where C is ring of complex numbers. 

Such that (t)(a + ib) = a-ib is a ring Isomorphism 


Observations: 

(i) Let be a commutative ring of characteristic 2. Then the mapping 
^■.R^R Such that 


(j)(< 2 ) = < 2 ^ is a ring homomorphism. 

(ii) Any Homomorphism from a field F to a ring R is either one- one or 
^ro map. 

(iii) it m & n are distinct positive integer then mZ and nZ are NOT 
Isomorphic rings. 
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(iv) There exists a homomorphism from a non- commutative ring whose 
image is a commutative ring. 


Example: Let R - 


:a,be'i 


Then is a non-commutative ring under matrix addition and matrix 
multiplication. Now consider a mapping. 


<j): i? -> Z defined as (j) 


= a is an onto homomorphism. 


Hence, Z is a homomoiphic image of R. 

Where Z is commutative ring and R is non- commutative ring. 

(v) There exists homomorphism from a ring without unity whose image is 
ring with unity. 

Example: Consider the same example discussed in observation (iv) 

(vi) The ring homomorphism from ring of integers to itself is either zero 
mapping or identity mapping. 

(vii) There exists a ring homomorphism ^:R-^R' Such that ring R has 
unity but R ' does not have unity. 

Example: Let ^:'L-^E (E is ring of ever integers) 

& (j) (x) = 0 'i x&Ia 

Here, we find E does not have unity But Z has unity 1. 

(viii) There exists a ring homomorphism (j) : R-^ R' such that ring R has 
unity 1 but / (l) is not unity of ring 7?'. 

(ix) Let R & R' he rings & (j): i? ->i?' be a homomorphism then 

(a) If U is left ideal of R, then <t>(l7) is left ideal of R ' 

(b) If U is right ideal of R , then is right ideal of R ' 

(x) Let R & R' be rings 

(a) The mapping (j> ; RxR'-^R giyen by <t)((a,h)) = a is an 
onto ring homomorphism. 

(b) The mapping R ^ RxR'given by <!>(«) = (a,0) is one to 
one ring homomorphism. 

(c) RxR' & I?'x/J are Isomorphic rings. 

(xi) There exists a ring homomorphism from Z 2 to a sub ring of Z 2 „ if 
and only if n is odd positive integer. 

(xii) The homomorphic image of commutative ring is commutative. 

(xiii) Let R be commutative ring and suppose px = 0 VxsR , where p is 

a prime number. Then the mapping <j)(x) = x^ Vxsi? is a 
homomorphism & this map is known as Frobenius map. 
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(xiv) The relation of being Isomorphic is an equivalence relation. 

(xv) Let ^&i?'be commutative rings with unity if (}>;/?->/?' be ring r 

homomorphism from R onto R' Then if 


char R is nonzero => char R' divides char R. 


Quotient Rings 

Let /? be a ring and let / be an ideal of R. Since a,b^I => a-b&I 
we find / is a subgroup of iR, + ) is abelian, I will be normal subgroup of 


And thus we can talk of —, the quotient group. 

R 

— = |r + /|r€i?| = set of all cosets of / in /? (clearly left and right cosets 
are equal) 

R 

We know ~ forms a group under ‘addition’ defined by; 

(r +/) + (s +/) = (r + s) + / 

R 

We now define a binary composition (product) on ^, by 
(r+ /)-(5+ /) = rj + 7 , 

It is a easy exercise to check that this product is well defined on — 

Since [a + l)^[b + l)[c + l)j = (^a + l)(^bc +1) 

= a(^bc) +1 
= (ai) c + 7 
= (ai + 7)(c + 7) 

= [(<, + /)(i.+/)](c + /) 

Associativity holds with respect to this product. 

Again, as (a + 7)[(6 + 7) + (c + 7)] =[a + l){b + c + l) 

= a (Z) + c) + 7 
= ab + ac + I 
= [ab + l) + (ac + l) 

= {a + l){b + l) + {a + l){c + l) 

We fi nd left distributive holds. Similarly, one can check that right 

R ' ■ 

distributivity also holds in — . 

R ' ■ ‘ 

And hencd — forms a ring, called the Quotient Ring or Residue Class ring 

of 7? by 7. - , 
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Now, Look at it from another angle. Let /? be a ring and I an ideal of R. 

Define a,s i? , a = fe(mod/) if a-fc e/ 

Note that this relation is an equivalence relation on R . Hence, it will 

partition R into equivalence classes. 

Let for any aeR, c/(a) be the corresponding equivalence class of a . 

Then, cl(a) = |r + i?|r-a(mod/)| 

= |r€i?|r-a e/| 

= |r for somejcE/| 

= |r € d+X; for some jc s/| 

= |a + jr|jre/| 


R 

Thus, the quotient ring — is nothing but the ring of all equivalence classes 
as defined above. 

In fact, the binary operations defined earHbf wdtild translate to 

cl(a) + cl (b) = cl (a + b) ; a,b,eR . 

cl(a)-cl (b)= cl (ab) \ 

It would be interesting exercise for the reader to verify that — thus defined 
forms a ring. 

In fact, if R has unity 1 then cl(l) will be unity of y. 


— is therefore also called Quotient ring of R modulo / . 
Observations: Let be a ring and U be ideal of R. 


(i) If i? is a commutative ring, then — is also commutative ring. 


(ii) If R has unity 1, Then — has unity 1 + 1/ 


(iii) If R is Boolean ring then — is also Boolean ring. 


(iv) If iS = ^ab -ba a,b &R}^ 


Then — is commutative ring if and any if S^U 

(v) Converse of observation (i) & (ii) may not be true. 
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a b 

Example: Ixt R = \ ^ ^ ;a,oe( 

Clearly U is an ideal of R 
R \\a b 

Now, — = + U ; a,bei 

17 0 0 


0 b 

&U = \ 

0 0 






+ U ; a,b GI 


Is quotient ring of R. Here — is CRU but R is not commutative & 
does not have unity. 7 

Some Important Theorems 

Retracing the steps backwards, we prove \|/ is one- 

Fundamental Theorem of Ring Homomorphism 

Let (j) be a onto ring homomorphism from R to R' then the mapping from 

—^toR'. 
kercj) 

Given by \j/(r + ker(t») = (t»(r) an isomorphism. Msymbols. 


Proof: Let (j): R -» R' be onto ring homomorphism define vj/: 

Such that \|/(r + /) = (t»(r) r & R where I - kerij) 

Then v|/ is well defined 
As x + I = y + I 
=> j:-ye/ = ker(t) 

=> = <!>(>') 

=> Y(j: + /) = \j/(y + /) 


Again, as 

V [( j: + 7)+(y +/)] = V [( + y) +/] 
= ^{x) + ^{y) 
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= \i/(x + /) + \|/(:v + /) 

\j/[(x + /)(:>^ + /)] = \|/(xv + /)= (j)(xy) 

= 

= \|/(x + /) \\f{y + l) 

y is a homomorphism 

Now if r' € i?' be any element then as (j) : i? —> i?' is onto, 3 r & R such that 
(t)(r) = r' for this r, 

As \|/(r + /)= (t)(r) = r' 

We find r+ / is required pre-image of r' under showing there by that 
\|/ is onto and hence an isomorphism. 


Thus- = R' and 

kercj) 



by symmetry - 

ker(j) 

1. First Theorem of Isomorphism: Let 5 c A Be two ideals of a ring R. 

Then ■ . x "' " 

R^R/B ^ \ ■ 

A~ A/B 

2. Second Theorem of Isomorphism: Let A, B be two ideals of a ring R , 

A + B B 


and hence 


AHB 


B A[^B 


3. Lattice Isomorphism Theorem for Rings: Let / be an ideals of R. 

A 

The correspondence v4 <-> y is an inclusion preserving bijection 

between the set of subrings Aof R that contain / and the set of sub 
.R 

nngs of y. 

Furthermore, A (a subring containing /) is an ideal of R if and only if 

— is an ideal of —. 

/ / 

4. Theorem: If Pis an ideal of ring R. 


Then — is an integral domain if and any if Pis prime ideal. 

R K 

5. Theorem: The ideals of — are of the form —, where K is an ideal of 

I I 

R and I a K . 
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6 . Theorem: Let i? be a Ci?C/ & M he dm ideal in R. Then — is 

M 

a field if and any if M is maximal ideal. 

7. Theorem: The Set N of all nilpotent elements in a commutative ring R 

forms an ideal of R and then — has no non- zero nilpotent elements. ( 

N 

N is called nil radical of 7?) 

8. Chinese Remainder Theorem: Let 4, ^2 .be ideals in . 

The map — x — x.x — 

4 ^2 A 

Defined by 

^(r) = (r + Ai,r + A2,.......^r + Ai,) 



is a ring homomorphism with kei = Ai Aj . nAj^ 

if for each i,je{l,2, . k] with i^ j the ideal .4,-and Aj are co- 

maximal, then this map is suijective and 
A^ o A 2 . Aj^ = A^A2 . Aj^ 


(4^2.4) (4^4^.^ 4 ) 


R R 

= -X-X. 

4 4 


Where R is commutative ring with unity. 

Corollary: Let « be a positive integer and let be its 

factorization into powers of distinct primes. 


z z z 

Then — = —r—x—— 

nZ 417. 42: 


as nngs. 


nZ p^’i pH’1 

Applications of Ring Homomorphism 
(i) Test for divisibility by 9: 

An integer n with decimal representation aj^aj^_y .ug is divisible by 

9 if and any if - 1 --i-... + ao is divisible by 9. To verify this, 

observe that « = a^lO*-i-a^_ll0^“4.-t-ag then, letting (j) denote 

the natural homomorphism from Z to Z 9 [in particular (j)(lO) = l] . 

We note that n is divisible by 9 if and only if 

0 -^(x) = ^(u;t)(<t>(lO)f +<t>(«A:-l)(<l>(lO))^~^ + - + ^(^ 0 ) 

= ^{<^k ) ■*' ) + ••• + <t>(^0 ) 

= (t)(a^ +ai^_l -t-... + ao) ^ . 

But 4 )(a^ + + ... + ao) = 0 is equivalent to a/^ + + .-. + uo being 

divisible by 9. 
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Let r,seR 

f{r + 5 ) = (r + 5,0) = (r,0) + (s,0)= /(r)+ /(5) 
f{rs) = ( 7 - 5 , 0 ) = (rs+ O 5 + 0r,00) 

= (7-,0)(5,0) 

= /( 0 /(^) 

Hence / is an isomorphism of R into i? x Z, So is embedded in ring 
i?xZ with unity ( 0 , 1 ) 

Remark: If R is any ring not necessarily containing unity, Then its 
extension ring with unity is i? x Z. 

(i) Every ring with or without unity can be embedded in a ring of 
endomorphism of some additive abelian group. 

(ii) Every ring with unity has a subring either Isomorphic to Z ^ or Z. 

(iii) Every field has a subfield Isomorphic to either Z^ or Q. 

(iv) Every integral domain can be embedded in a field, 

(v) Zp Can be embedded into a field i^-if xharK = p 

(vi) Q can be embedded into a field F if chafF =0 : 

6.9. Field of Quotients 

Let D be an integral domain, then there exists a field F that field F is 
called field of quotients of D. 

Example: Field of quotients of integraKdomaln Z of integers is Q (all 

rational numbers) . 

Observation: 

(i) The field of quotients of integral fiomain D is the smallest field 
containing D. i.e.. If F be the field of quotients of D. Then if F is any 
field which contains D, Then K contains a subfield Isomorphic to F . 

(ii) Field of quotients of a finite integral domain D is D itself. 

P P 

(iii) If D\ & D 2 are two Isomorphic integral domain with ' and 2 are 
Isomorphic. But NOT conversely. 

Example: Let £), = Z, £>2 = £ (all even integers) 

Then & £>2 are not isomorphic integral domains. However their field of 
quotients are Q & Q and Q s Q. 

Some Examples 


S.No. 

Integral Domain 

Field of Quotient 

(i) 

Ring of integers (Z) 

Field of rational numbers (Q) 

(ii) 

Ring of even integers (2Z) 

Field of rational numbers (Q) 

(iii) 

3Z 

Field of rational numbers (Q) 

(iv) 

Z[i] = {x + 7> ; x,yeZj 

Q[i].= {x + /y x,yeQ]} 

(V) 

Z y/d =|fl + Z)Vrf;a,beZ| 

Q V^j = |a + hV^;a,Z)eQj 

(Vi) 
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Let C([0,l]) be the ring of all real valued 

continuous functions on [0,l]. Which of the 
following statements are true? 

(a.) C([0,l]) is an integral domain. 

(b.) The set of all functions , vanishing at 0 is 
a maximal ideal. 

(c.) The set of all functions vanishing at both 
0 and 1 is a prinie ideal. 

(d.)If / is siich fhat.(/(x))” = 0 

for all xG[0il] for some n>l, then 
/(x) = 0 forall xg[0,1]. 

We denote the characteristic of R by char 
iR) . In the following, let R and S be 
nonzero commutative rings with imity. Theft. 

(a.) Char(i?) is always a prime number. 

(b.)if .S' is a quotient ring of R, then either \ ’ 
char (5) divides char(i?), or chares') = 

0 . . 

(c.) if S' is a subring of R containing 1^ 
then chares') = char(i?). 

ed.) if chare??) is a prime number, then R is 
a field. 

Let R be the ring obtained by taking the 
quotient of (Z/6Z)[X] by the principal 
ideal I =< IX + 4 > . Then 

ea. ) R has infinitely many elements. 

eb. ) ?? is a field. 

ec. ) 5 is a unit in R . 

ed. ) 4 is a unit in ??. 

For which of the following values of n, does 
the finite field with 5" elements contain 

a non-trivial root of i^ty? 

ea. )92 

eb. )30 
(c.) 15 
(d.)6 


Let F be a finite field such that for every a 
2 

a € F the equation x =a has a solution in 
F. Then 

ea. ) The characteristic of F must be 2 

eb. ) F must have a square number of 

elements 

ec. ) The order of F is a power of 3 

ed. ) F must be a field with prime number of 

elements 

. Lef R be a commutatiye ring. Let / and T . 
be ideals of R; 

Let I-J-[x-y\x & I, y &J] 


IJ = [xy\x & I, y ej] . Then 

ea. ) / - T is an ideal and IJ is an ideal in R 

eb. ) I -J IS an ideal and IJ need not be an 

ideal in R 

ec. ) I -J need not be an ideal but IJ is an 

ideal in R 

ed. ) Neither / - / nor IJ need to be an ideal 

in R. 

In ring of Gaussian integers Z[i], 

ea. ) 5 and 7 are irreducible 

eb. ) 5 is irreducible but 7 is reducible 

ec. ) 5 is reducible but 7 is irreducible 

ed. ) Neither 5 nor 6 is irreducible 

Let /j, 4 be two ideals of a comparative ring 
R with identity. Which one of the following 
is true? 

ea. ) and ^ ^2 are ideals of R 

eb. ) h is an ideal of R , but *^^2 is not 

an ideal of R 

ec. ) ^2 is not an ideal of R , but ^2 is 

an ideal of R 

ed. ) Neither nor ^‘^^2 is an ideal of 
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Let R be the ring of all 2x2 matrices 
E the ring of all even integers. 

T the ring of integers (mod 10) and 
5 the ring of all multiples of 6 . 

Then 

(a.) Only E has no zero divisors 

(b.) Only R and ^ have no zero divisors 

(c.) Only E and ^ have no divisors 

(d.) Only E and T have no zero divisors 

Let I be any ideal in the ring Z of integers. 
Then . ' 

(a.) f can be generated by one element 
(b.)/ = ( 0 ) or ^ = ^ 

(c.) There is an ideal E such that I®!' = 1 

(d.) f is generated by a prime number 

Let ^ be a finite integral domain with unity 
leA. Then the order of 1 in the additive 
group {A, +) is 

(a.) A prime 
(b.)Zero 

(c.) An arbitrary integer 

(d.) A power of a prime number 

A non-zero element ‘ a ’ of a ring R is said to 

be nilpotent if a” = 0 for some integer n. In 
the ring of integers (mod 8 ) all the nilpotent 
elements are 

(a.) 2,4 and 6 

(b.) 2 and 4 

(c.)4 

(d.) 0, 2, 4 and 6 

R be a commutative ring with unity and I is 
a prime ideal which is true. 

(a.) f must be maximal ideal of R. 

R 

(b.)If y is finite ring then I is maximal 
ideal. 

(c.) f is never maximal ideal. 


(d.) If / is maximal ideal then y must finite 


14. Let i? = ZxZxZ and / = ZxZx{0} . Tlien 
which of the following statement is correct? 

(a.) f is a maximal ideal but not a prime 
ideal of ^ . 

(b.) f is a prime ideal but not . a maximal 
ideal of ^ . 

(c.) f is both maximal ideal as well as a 
prime ideal of R. 

(d.) /is neither a maximaTideal nor a prime 
. ideal of R . 

15. . Which one of the following ideals of the ring 

Z[z] of Gaussian integers is NOT maximal? 

(a.)(I + 0 

(b.)(l-i) 

(c.) {2 + i) 

(d.) (3 + i) 


16. The number of maximal ideals in Z 27 is 


17. Let R be the ring of all real valued 
continuous functions on [ 0 ,l]- 

/ = {/eR;/(0) = 0}.Then 

(a.) I is not an ideal of R 

(b.) / is an ideal, but not prime ideal of R 

(c.) / is a prime ideal, but not a maximal 
ideal of R 

(d.) / is a maximal ideal 2 ? 
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Let M 3 (R) be the ring of all 3x3 real 
matrices. If /, J c (M) are defined as 


a 

b 

c 

0 

0 

0 

0 

0 

0 

a 

0 

0 

b 

0 

0 

c 

0 

0 


(a.) / is a right ideal and 7 is a left ideal 
(b.) 7 anii J are both left ideals 
(c.) 7 7 are both right ideals 

(d.) 7 is a left ideal and 7 a right ideal 

Z 

Let the set — denote the ring of integers 

n£i 

modulo n under addition and multiplicatioii 

modulo n. Then — is not a sub ring of —L 
9Z ^ , 1-2Z 

because 

z/ z/ ... 

(a.) is not a subset of / 12 Z 

(b.)G.C.D.(9,12) = 3vtl 

(c.) 12 is not a power of 3 

(d.) 9 does not divide 12 

T \(a b) K , . 

Let S = < :a,b,c,eR} be the ring under 
1^0 cj J 

matrix addition and multiplication. 


■.a,b,c,& R I be the ring under 


Then the subset 


: p e.R> IS 


(a.) Not an ideal of S 

(b.) An ideal but not a prime ideal of S 

(c.) Is a prime ideal but not a maximal ideal 
ofS 

(d.) Is a maximal ideal of S 

Set of multiples of 4 forms an ideal in Z , the 
ring of integers under usual addition and 
multiplication. This ideal is 

(a.) A prime ideal but not a maximal ideal 

(b.) A maximal ideal but not a prime ideal 

(c.) Both prime and maximal ideal 

(d.) Neither a prime ideal nor a maximal ideal 


Which one of the following is TRUE? 

(a.) The characteristic of the ring 6 Z jg 5 

(b.)The ring has a zero divisor 

(c.) The characteristic of the ring 
{Z/ 6 Z)x 6 Z jj 2 ero 

(d.) The ring ^ 6 Z jg integral domain. 

For neN , let riZ = {nk - k eZ} . Then the 

number of units of Z/llZ and Z/12Z , 
respectively, are 

(a.) 11,12 

(b.) 10,11 

.(c;)io,4- 

.(d.) 10,8 

Let R be the ring of all fimctions from E to 
E under point-wise addition and 
multiplication. Let 7 = {/:E->E|/ is a 

bounded function }, 

7 = {/: EE [/"(S) = 0 }. Then 

(a.) is an ideal of R but 7 is not an ideal of 
R 

(b.) 7 is an ideal of R but -7 is not an ideal 
of R 

(c.) Both 7 and 7 are ideal of R 

(d.) Neither 7 nor 7 is an ideal of R 

Let R be the ring of all 2x2 matrices with 
integer entries. Which of the following 
subsets of R is an integral domain? 


:x, ye Z 


:xeZ 


A ring R has maximal ideals 
(a.) if R is infini te 
(b.) if R is finite 

(c.) if R is finite with at least 2 elements 
(d.) only if R is finite 
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The power set P{X) of a set X with the 
binary operations symmetric difference A and 
intersection n form a ring (the symmetric 
difference is the addition and the intersection 
is the multiplication) called the power set 
ring of the set X. If the set X has at least 3 
elements, then in the power set ring 
(P(A'),A,n) of X, every elements is 

(For A,B eP[X) , the subset 
AAB:={A\B)\j{B\A) is Called the symmetric . 
difference of A and B) 

(a.) aunit 
(b.) idempotent. 

(c.) nilpotent. 

(d.) a non-zero divisor. 

The set {0,2,4} under addition and 

multiplication modulo 6 is 

(a.) not a ring with unity (identity) 

(b.) a ring with 0 as unity (identity) 

(c.) a ring with 2 as unity (identity) 

(d.) a ring with 4 as unity (identity) 

Suppose a and b are elements in R, a 
commutative ring with unity. Then the 
equation ax = b 

(a.) always has exactly one solution 

(b.) has a solution only if u is a unit 

(c.) has more than one solution only if h = 0 

(d.) may have more than one solution 

Let C[0, 1] be the ring of continuous real¬ 
valued functions on [0, 1], with addition and 
multiplication defined pointwise. For any 
subset S of [0, 1] let Z(5) = {feC[0, 1] |Xx) = 
0 for all xe 5}. Then which of the following 
statements are true? 

(a.) If Z(S) is an ideal in C[0, 1] then S is 
closed in [0,1]. 

(b.) If Z(S) is a maximal ideal then S has only 
one point. 

(c.) If S has only one point then Z(S) is a 
maximal ideal. 

(d.) None of these 


Assi”f?nu'ni Sheci 


Pick out the tme statements: 


a a 

! a I 


(a.) The set { I ! a e R, c 0} is a 

IL^ j 

group with respect to matrix 
multiplication. 


(b.) The set { | a. h, c, e R} is a 

[[c d] J 

commutative ring with identity with 
respect to matrix addition and matrix 
multiplication. 

(Ci) The set { ^ |a,h€Rl is a field 

iL-* J 

with respect to matrix addition and 
matrix multiplication. 

(d.) None of these 

Let C[0, 1] denote the ring of all continuous 

real-valued function on [O, l] with respect to 

pointwise addition and pointwise 
multiplication. Pick out the true statements: 

(a.) C[0, l] is an integral domain. 

(b.)Let ue[0, l] . Set 

/ = {/eC[0, l]l/(fl) = 0} .Then I is 
an ideal in C[0, l]. 

(c.) If I is any proper ideal in C [O, l], then 
there exists at least one point ue[0, l] 
such that /(n) = 0 for all f el. 

(d.) None of these 

Let R be a (commutative) ring (with unity). 
Let / and J be ideal in R . Pick out the true 
statements: 

(a.) is an ideal in R 

(b.) in an ideal in R 

(c.) I + J = + is an ideal in 


(d.) None of these 
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39. 


Pick out 
domains: 


rings which are integral 


(a.) , the ring of all polynomials in one 

variable with real coefficients 

(b.) , the ring of continuously 

differentiable real-valued function on the 

interval 1-*^’ (with respect to point wise 
addition and point wise multiplication) 

(c.) M„(M) the ring of all matrices 
with real entries. 

(d.) None of these 

35. Pick out the units in z[-v/3] 

(a.) -7-h 4^/3 
■(b.)5-h3V3 

(c.) 2-^ 


Assignment Sheet - 1 


Pick out the tme statements: 

(a.) Let i? be a commutative ring with 
identity. Let M be an ideal such that 
every element of R not in A/ is a unit. 
Then R/ M is a field. 

fb.) Let i? be as above and let M be an ideal 
such that R/M ts an integral domain. 
Then M is a prime ideal. 

(c.) Let i? = C[0, l] be the ring of real¬ 
valued continuous functions on [O, l] 

with respect to pointwise addition and 
pointwise multiplication. Let 
M={/ei?|/(0) = /(l) = .0}. ThenM 
is a maxinial ideal. ,. 

(d.) None of these 


(d.) -3-2^3 

36. Pick out the integral domains from the 
following list of rings: 

(a.) (fl + Zl^/5 I a, Zi e q} 

(b.)The ring of continuous functions from 
[O, l] into M 

(c.) The ring of complex analytic functions 
on the disc {z e C | |z| < l} 

(d.) The polynomial ring Z[x]. 

37. Let P be a prime ideal in a commutative ring 
7? and let S = R\P, i.e., the complement of 
P in R Pick out the true statements: 

(a.) S is closed under addition 

(b.) S is closed under multiplication 


40. : The number of element of a principal ideal 

domain can be 

(a.) 15 
(b.)25 
(c.) 35 
(d.)36 

41. Let m be an odd integer >6. Then the 
multiplicative inverse of 2 in the ring 

(where and denote the 

addition and multiplication modulo m 
respectively.) 

(a.) does not exist. 


(c.) S is closed under addition and 
multiplication 

(d.) None of these 

38. Pick out the true statement (s): 

(a.) The set of all 2 x2 matrices with rational 
entries (with the usual operations of 
matrix addition and matrix 
multiplication) is a ring which has no 
non-trivial ideals. 


42.» 


(b.) IS —- 


(c.) is 


m- 


(d.)is m-2. 
Consider S-C 



, complex polynomials 


(b.) Let P = C [O, l] be considered as a ring 
with the usual operations of 
/-{/:[0, l]^E|/(l/2) = 0} . Then 
/ is a maximal ideal. 

(c.) Let i? be a commutative ring and let P 
be a prime ideal of/?. Then /?/P is an 
integral domain. 

(d.) None of these 


is , as a subset of T = C [x], the ring of all 
complex polynomials. Then 
(a.) S is neither an ideal nor a sub ring of T 
(b.) S is an ideal, but not a sub ring of T 
(c.) S is a sub ring but not an ideal of T 
(d.) S is both a sub ring and an ideal of T 
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Let F be a field of 8 elements and 
F -{x&F\x^ = \ and it -1 for all natural 
niunbers A' < 7} . Then the number of 
elements in A is 


Which of the following can not be cardinality 
of a field? 

(a.) 6 

(b.)4 . 

(c.)27 

(d.)7 

Which of the following statements are true? .. 

(a.) There exists a finite field in which the 
additive group is not cyclic. 

(b.) If F is a finite field, there exists ,a 
polynomial p over F such that. 

J9(x)?i0for all xeF, where 0 denotes 
the zero in F . 

(c.) Every finite field is isomorphic'-to a 
subfield of the field of complex numbers. 

(d.) None of these 

The number of subfields of a field of 
cardinality 2*°° is 

(a.) 2 
(b.)4 
(c.) 9. 

(d.) 100. 

Let F be a field with 5^^ elements. What is 
the total number of proper subfields of F ? 

(a.) 3 

(b.)6 

(c.) 8 

(d.)5 

Which of following statement is true. ° 

(a.) 3 a field of order 36 but not order 49. 

(b.) 3 a field of order 36. 

(c.) field of order 36 and 49 
(d.) field of order 36. 


Let Zjo denote the ring of integers modulo 
10. Then the number of ideals in Zjq is 


The number of subfields of a finite field of 

order is equal to 

(a.) 4 

(b.) 5 

(c-)3. 

(d.)10 

Let p,q be distinct primes. Then 
(a.) ’Ll 2 -y, has exactly 3 distinct ideals 


(b.) Z/ 2 

- P 9 


has exactly 3 distinct maximal 


(c.) Z / 2 has exactly 2 distinct maximal 

p^qZ 

(d.) Z / 2 n, bas a unique maximal ideal 
p v- 

If S is a finite commutative ring with 1 then 

(a.) Each prime ideal is a maximal ideal 

(b.) S may have a prime ideal which is not 
maximal 

(c.) S has no nontrivial maximal ideals 
(d.) S is a field 

Suppose (F,-f,-) is the finite field with 9 
elements. Let G = (F,-f)ani/F' = (F\{0},-) 

denote the underlying additive and 
multiplicative groups respectively. Then 

(a.) G = (Z/3Z)x(Z/3Z) 

(b.) G = (Z/9Z) 

(c.) /A = (Z/2Z)x(Z/2Z)x(Z/2Z) 

(d.) G = (Z/3Z)x(Z/3Z)ani/ /A = (Z/8Z) 

Z 

The number of ncm-zero ideals of-is 

lOOZ 

(a.) 4 
(b.)8 
(c.) 10 
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If p is prime, and Z ^4 denote the ring of 

integers modulo p‘^, then the number of 

maximal ideals in Z 4 is 
P 


For n > 1, let [Zl nZ) be the group of units 
of (Z/ nZ). Which of the following groups 
are cyclic? 

(a.) (Z/’lOZ)* 

(b.)(z/ 2 ^z) 

(c.) (Z/IOOZ)* 

(d.) (Z/163Z)* 

Let a,b,c,d be real numbers vrith 
a<c<d <b. Consider the ring with, , 

pointwise addition and multiplication! if ' 
^ = {/ e C[a,b]: f{x) = Oforallxe'' 
then 

(a.) S is NOTan ideal of C [a,b] 

(b.) S is an ideal of C [a,b] but NOT a prime 
ideal of C [a,b] 

(c.) S is a prime ideal of C [a,b] but NOT a 
maximum ideal of C [a,b] 

(d.) S is a maximum ideal of C [a,b] 

Let Fj 25 be the field of 125 elements. The 
number of non-zero elements a e F^2S 

that = a is_ 

The possible valued for the degree of an 
irreducible polynomial in ]R[x]. 

(a.) 2 
(b.)3 
(c.)4 
(d.)5 ’ 

The number of non-zero elements in the field 
Zp , where p is an odd prime number, 
which are squares, i.e., of the form 
m , m G Zp, . _ 


Assignmcn! Shed - i 


Let M denote the set of all 2 x 2 matrices 
over the reals. Addition and multiplication on 
M are as follows: 

A=(aij) and B = (by), then A - 1 - B = (cj), where 
Cij = ajj -f by, and A B = (dy), where dy = ayby 

Then which qjie of the following is valid for 

(M,+, •)? 

(a.) M is a field 

(b.) M is an integral domain which is hot a 
field 

(c.) M is a commutative ring which is not an 
integral domain 


(d.) M is a non-commutative rmg 

62 . : Consider Z[!i:]', the set of all polynomials 

with integer coefficients and Q[^>/2J, the set 

of all real numbers of the form a + b -72 with 
- ^ a, b rational numbers. Which of the following 

is correct about Z[xj and 

(a.) Both are rings, but only one has unity 

(b.) Both are commutative rings, but only one 
is an integral domain 

(c.) Both are integral domains, but only one 
is a field 

(d.) Both are fields 

63. Let (R, -H) be an abelian group. If 
multiplication (•) is defined on R by setting 
a.b = 0 for all a, b, g R, then which one of 
the following statements is correct? 

(a.) (R,-(-,•) is not a ring. 

(b.) (R, -f, •) is a ring, but not commutative. 

(c.) (R,+,-) is a commutative ring, but has no 
unity. 

(d.) (R,-(-,■) is not a field. 

64 . Consider the following assertions 

i. The characteristic of the ring (Z,h-,-) is 
zero. 

ii. For every composite munber, n, Z„, the 
ring of residue classes modulo n, is a 
field. 

iii. Z5, the ring of residue classes modulo 5 , 
is an integral domain. 

iv. The ring of all complex numbers is a 
field. 


28A/n, (f Irst Floor) Jla Sarai, Hauz Khas, Near LLT, New DelkJ-IiaeZS, Pft.: (0I1)-2«S37S27, CeH: !f9?9t 834 J4 * 98991«1734,8588*44789 

E-mail: iiifo®dii»acaiIm.com; Website; www4totaeadcevr,cam 


















Which of the above assertions are correct? 

(a.) i, iii and iv 
(b.) i, ii and iii 
(c.) i, ii and iv 
(d.) i, iii and iv 

Let F be a finite field with n elements. What 
is the possible value of n? 

(a.) 1 
(b.)36 
(c.)37 
(d.) 125, 

If R is a finite integral domain with n 
element, then what is the number of 
invertible elements under multiplication in 
R? 

(a.) 1 

(b.) n 
(c.)n-l 

(d.) [n/ 2 ] where [•] is the bracket function 

Consider the ring Z„ ={0,1,2,....;«} Of . 
congruent modulo n classes. Under aijdiiion 
and multiplication modulo n, consider the 
following statements is/are are correct: 

(a.) In Zg, 4 divides 2 

(b.) In Zg, 3 divides 7 

(c.) In Zi 5 , 9 divides 12 
(d.) None of these 


The zero divisors in Z$ are 
(a.) 3,4, 5 
(b.)T, 2, 4 
(c.)2,4,7 
(d.)2,4,6 

The characteristic of the ring Z 4 x Ze is 


; (c.) i2 

(do 24 

Let F be a field containing 11 elements. 
Which one of the following is correct? 

(a.) If a is a non-zero element of F, then 5a ^ 


(b.) a5 =1 for every non-zero as F where 1 
is the multiplicative identity of F 

(c.) alO= 1 for all aeF 

(d.) Let a be a non-zero element of F. It is 
possible to find a proper subset S of F 
such that aeS and PseS for any PeF, 
seS 
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ASSIGNMENT SHEET - 2 


Consider the following statements: 

1; Every PID is ED 

2. The group of units in the ring is 

37Z 

cyclic 

3. There is a field with 6^ elements. 

(a.) (1) is true but (2) and (3) are false. 

(b.) (2) is true but (1) and (3) are false. 

(c.) (3) is true but (1) and (2) are false. 

(d.) All these statement is false. 

Let R ■ he the ring 

+x + ljj^ What is the 
cardinality of the ring R ? 

(a.) 27 
(b.) 32 
(C.)64 
(d.) Infinite 

Let p(jc) = 9x^+10x^+5x + 15 and 
q[x)- -x^ -x-2 be two polynomials in 

Q[v]. Then, over Q, 

(a.) p(x)and g(x) are both irreducible 

(b.) p( a:) is reducible but q[x) is irreducible 

(c.) p(v) is irreducible but q[x^ is reducible 

(d.) p(v) and q[x) are both reducible 

Pick out the cases where the given ideal is a 
maximal ideal. 

(a.) The ideal 15Z in Z . 

e> 

(b.)The ideal / = {/:/(0) = 0} in the ring 
C[0, l] of all continuous real valued 
functions on the interval [O, l]. 

(c.) The ideal generated by x^+x+l in the 
ring of polynomials F3 [x], where F3 is 
field of three elements. 

(d.) None of these 


Which of the following statements is false?. 

(a.) The polynomial x" + x +1 is irreducible 
in Z/2Z[.r] 

(6.) The polynomial .r“ - 2 is irreducible in 
■Q[x] 

(c'O The polynomial x^+ l is reducible in 
Z/5Z[x] 

(d.) The polynomial x^+1 is reducible in 
Z/7Z[x]. 

Consider the polynomial, ring Q[x] . The 
ideal of Q [x] geherated by - 3 is 

(a.) maximal but not prime 
(b.) prime but not maximal 
(c.) both maximal and prime 
(d.) neither maximal nor prime 

Z2 [x]/^x^ +x^ +1^ is 

(a.) a field having 8 elements 
(b.) a field having 9 elements 
(c.) an infinite field 
(d.) NOT a field 

Let M[z] be the ring of real polynomials in 
the variable X. The number of ideals in the 

quotient ring Ma]/((a^- 3..T + 2)\ is 


Let R = Q[x]. Let I be the principal ideal 

(x"+l) and J be the principal ideal (x^). 
Then 

(a.) — is a field and — is a field 
/ J 

R R 

(b.) y is an integral domain and y is ^ fisld 

(c.) — is a field and — is a PBD 
I J 

R R 

(d.) y is a field and — is not an integral 
domain. 


,28A/11, (First Floor) Jia Sarai, Hauz Kha-S Near I.I.T., NewDellu-110016, Ph.: (011)-26537527, CeU: 9999183434 & 9899161734,8588844789 

E-mail: info(5^iipsacadefflyx<wi; Website: www.ctfpMK'adeniyxom 


























10 . 



Let Z„ be the ring of integers modulo n, 
where n is an integer > 2 .Then Choose the 
correct in the following; 

(a.) Z„ is a field then n is prime 

(b.) If Z„ is an integral domain then n is 
prime 

(c.) If there is an injective ring 
homomorphism of Z 5 to Z„ then n is 
inultiple of 5 
(d.) None of these 

Let F be a finite field. If f :F F, given by 
f[x) = x^ is a ring homomorphism, then 
(a.) F = Z/'3Z 

(b.) F = Z/2Z or characteristic of F = 3 
(c.) F = Z/2Z or Z/3Z _ , 

(d.) Characteristic F is 3 
‘Consider Z 5 as field modulo 5 and let 
f{x) = x^+Ax*+Ax^+Ax^+x + \ Then the 
zero of f[x) and over Z 5 are 1 and 3, with 
respective multiplicity 
(a.) 1 and 4 
(b.) 2 and 3 
(c.) 2 and 2 
(d.) 1 and 2 

Let R be the polynomial ring hj [;r] and write 
the elements of Zj as (0, 1}. Let (/(;r)) 

denote the ideal generated by the element / 
(x) e R. If/(x) = + X + 1, then the quotient 

ringR/ {f{x)) is 

(a.) a ring but not an integral domain. 

(b.) an integral domain but not a field. 

(c.) a finite field of order 4. 

(d.) an infinite field. 

Let E[x] be the polynomial ring in x with 
real coefficients and let / = ^x^ + be the 

ideal generated by the polynomial x^ +1 in 
R [x] . Then 

(a.) I is a maximal ideal 

(b.)I is a prime ideal but NOT a maximal 
ideal 

(c.) I is NOT a prime ideal 
(d.) R[x] /I has zero divisors 


Let F 4 , Fg and Fie be finite fields of 4,8 and 
lb elements respectively. Then, 

(a.) F 4 is isomorphic to a subfield of Fg 

(b.) Fg is isomorphic to a subfield of Fje 

(c.) F4 is isomorphic to a sui^ield of Fie 

(d.) None of the above 

Let FED, ED, UFD denote the set of all 
principal ideal domains, Eucliden domains, 
unique factorization domains, respectively. 
Then 

(a.) UFD Cl ED a PID 
(b.) Pip cEDc UFD 
(c:) ED ^ PID UFD 
(d.) PID c UFD c ED 

Let be the ideal generated by 

4 9 r 

X +3x" + 2 and 2 be the ideal generated 


by x^+1 in 


. If f; = 


F2=^,then 


(a.) Fj and F 2 are fields 
(b.) Fi is a field, but F 2 is not a field 
(c.) Fj is not a field while F 2 is a field 
(d.) Neither Fi nor Fj is a field. 

For which of the following primes p, does 

not polynomial x'^ + x + 6 have a root of 
multiplicity > 1 over a field of characteristic 
P ? 

(a.) p = 2 
(b.) p = 3 
(c.) p = S 
(d.)p = 7 

Which of the following statements is true 
about 5 = Z[x] ? 

(a.) S is an Euclidean domain since all its 
ideals are principal 

(b.) S is an Euclidean domain since Z is an 
Euclidean domain 

(c.) S is not an Euclidean domain since S is 
not even an integral domain 

(d.) S is not an Euclidean domain since it has 
non-principal ideals 
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For positive integers « and m , where 
n,m>\ , suppose that nZ and mZ are 
isomorphic as rings. Then, 

(a.) there is no restriction on n and m 

(b.) n = m 

(c.) g.c.d[n,m) = \ 

(d.) necessarily n | m or m\n, but not both 
The number of roots of the polynomial -x 


m — IS 
6 Z 


Let Z be the ring of integers under the usual 
addition and multiplication. Then every 
nontrivial ring homomorphism / :Z->Z is 

(a.) Both injective and surjective 

(b.) Inj ective but not surjective 

(c.) Surjective but not injective 

(d.) Neither injective nor surjective ^ 

Let Q be the field of rational number and 
consider Z 2 as a field modulo 2. Let 

/(x) = x^-9x^+9x + 3 Then /(x) is 
(a.) irreducible over but reducible over Zj 
(b.) irreducible over both Q and Zj 

(c.) reducible over Q but irreducible over 

Z2 

(d.) reducible over both Q and Z 2 

The number of element of a principal ideal 
domain can be 

(a.) 15 

(b.)25 

(c.) 35 

(d.)36 

Let R be a ring. If R[x] is a principal ideal 
domain, then R is necessarily a 

(a.) Unique Factorization Domain 

(b.) Principal Ideal Domain 

(c.) Euclidean Domain 

(d.) Field 


Let R be the ring of polynomials over Z 2 
and let I be the ideal of R generated by the 
polynomial x^ + x+1. Then the number of 

elements in the quotient ring y is 


(d.)16 

Let m and n be coprime natural numbers. 
Then the kernel of the ring homomorphism 

^ :'Z->Z,„ xZ„, defined by is 

; (a.) mZ 
(b.) mnZ 
(c.) nZ 
(d.) Z 

The ring Z [x] is a 

(a.) unique factorization domain, but not a 
principal ideal domain 

(b.) a principal ideal domain, but not a 
Euclidean domain 

(c.) A Euclidean domain but not a field. 

(d.) A field 

Let /? be a Principal Ideal Domain and a,b 
any two non-unit elements of R . Then the 
ideal generated by a and b is also generated 
by 

« 

(a.) a + b 
(b.) ab 
(c.) gcd{a,b) 

(d.) lcm{^a,b') 

The polynomial x +5x +5 is 

(a.) Irreducible over Z but reducible over Z 5 

(b.) Irreducible over both Z and Z 5 

(c.) Reducible over Z but irreducible over 


(d.) Reducible over both Z and Z 5 
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36. 


31. Which of the following rings is a PID? 

(a.) Q[;r,r]/(z) 

(b.) Z©Z 
(c.) ZU] 

■ (d.) M 2 {Z), the ring of 2 x 2 matrices with 
entries in Z 

32. Let f{x)&Z^\x\ be a polynomial such that 

, ^ { is a field, where (fix)) denotes the 
(/(^)) 

ideal generated by fix) . Then one of the 
choices for fix) is 

(a.) x + 1 
(b.)x2 + 3 
(c.)x 2 + l 
(d.)x^+3 

33. Consider Z 5 and Zjo as ring modulo. 5 ah4. 

20, respectively. Then the number "of ' 
homomorphism (f): Z 5 -^Z 2 o is . ... 

(a.)l 

(b .)2 

(c.)4 

(d.)5 


37. 


38. 


39. 


Assigiimcni Sheet - 2 


The number of non-trivial ring 
homomorphisms from Z ,2 to Z 28 is 

(a.) 1 

(b.)3 

(c.)4 

(d.)7 

Let I denote the idea! generated by 
x‘* + + X + 1 in Zj [x] and 

F = Z 3 [x]//. Then, 


(a.) E is'an infinite field 
.(b.) F is a finite field of 4 elements 
(c.) F is a finite field of 8 elements 
(d.) F is a finite field of 16 elements 

The polynomial x —Ix"^ + \^x-v is 
(a.) Irreducible over both Z and Z3 
(b.) Irreducible over Z but reducible over Z 3 
(c.) Reducible over Z but irreducible over 

Z3 

(d.) Reducible over both Z and Z3 

The polynomial f [X)-.= X'^ +aX+ \ in 
Z-i[X] is 


(a.) irreducible in Z 2 IX] 


34. The polynomial ring Z[x] is 


(b.) irreducible in Z 3 [X] if and only if a = 0 


(a.) A Euclidean domain but not a PID 
(b.) A PID but not Euclidean 
(c.) Neither PE) nor Euclidean 
(d.) Both PID and Euclidean 

35. The polynomial /(x) = x^ + 5 is 

(a.) Irreducible over C 
(b.) Irreducible over R 
(c.) Irreducible over Q 
(d.) Not irreducible Q 

Where Q denotes the field of rational 
number. 


(c.) irreducible in Z 3 [X] if and only if a = 1 

(d.) always reducible in Z 3 [z]. 

40. Let f(x) = x^+2x~+l and g(x) = 2x^+x + 2 
. Then over Z 3 , 

’ (a.) fix) and g(x) are irreducible 

(b.) fix) is irreducible, but g(x) is not 
(c.) g(x) is irreducible, but fix) is not 
(d.) Neither fix) nor g(x) is irreducible. 
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41. Let F denote the field — , where p is a 
^ pX 

prime. Let F^ [xl be the associated 

polynomial ring. Which of the following 
quotient rings are fields? 


lx +x + \ 


X^ +X+1 


X •■ + X + 1 


(d.) None of these 

42. Let R be a commutative ring and R[x] be the 
polynomial ring in one variable over R. 

(a.) If R is a U.F.D., then i?[x] is a U.F.D. 

(b.) If R is a P.I.D, then i?[x] is a P.I.D. 

(c.) If R is an Euclidian domain, then R[x] is 
an Euclidean domain 

(d.) If R is a field, then i?[x] is an Euclidean 
domain. 

43. Let (^'(x)) denote the ideal generated by the 
polynomial p(x) in Q[x] . If 

/(x) = x^+x^+x + l and g-(x) = x^-x^+X-1, 

then 

(a.) (/(x)) + (g(x)) = (x^+x) 

(b-) (f(x)} + (g(x')} = (f(x)-g(x)} 

(c.) (/(x)) + (g(x)) = (x^+l) 

(d.) (/(x)) + (g(x)) = (x^-l) 

44. Determine which of the following 
polynomials are irreducible over the 
indicated rings. 

(a.) x^-Sx'*+ 2x^-5x + 8 over M. 

(b.) x^ +2x^ + i+‘L over Q. 


(c.) x^+3x^-6 xH'“ 3 over Z. 


(d.) x'*+x^+l fivef Z/2Z. 


45. Which of the following polynomials are 
irreducible in the ring Z[x] of polynomials 
in one variable with integer coefficients? 


(b.i l-'(x-l)-(.v*l)- +(x + l)’'. 

(c.) 1 + x+x^+x^+x^ 

(d.) l + x + x" +x\ 

46. Let F and f ' be two finite fields of order 
q and q' respectively. Then: 

(a.) F' contains a subfield isomorphic to F 
if and only if q <q', 

(h.) F' contains a subfield, isomorphic to f 
ifandonlyif^ divides^'. 

(c.) If the g.c.d of q and q' is not 1, then 
both are isomorphic to subfields of some 
finite field L . 

(d.) Both F and F' are quotient rings of the 
nngZ[x]. 

47. Which of the polynomials are irreducible 
over the given rings? 

(a.) + 3X‘* + +15 over Q , the field of 

rationals 

(b.) X^+2X~ + X + 1 over ZHZ, the ring of 
integers modulo 7 

(c.) X^ +X^ +X + 1 over Z , the ring of 
integers 

(d.) X"^ + X^ +X~ +X + 1 over Z , the ring of 
intgers. 

48. Consider, the ring R = z[>/^] 
= {a + :a,b <=z} and the element 
a = 3 + 'v/^ of i?. Then 

(a.) a is prime 
(b.) a is irreducible 

(c.) R is not a unique factorization domain 
(d.) R is not an integral domain. 

49. Let /(x) = x^+x^+ X + 1 and g(x) = x^ + l . 
Then in Q[x] 

(a.) g.c.d (/(x), g(x)) = X +1 
(b.)g.c.d (/(x),g(x)) = x 2 -l 
(c.) l.c.m. (/(x), g(x)) = x^ + x^ + x^ +1 
(d.)/.c.m. (/(x),g(x)) = x^+x''+x^+x^+l 
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Let lR(;c] be the polynomial ring over E in 
one variable. Let / c K[j:] be an ideal. Then 

(a.) / is a maximal ideal if and only if / is a 
non-zero prime ideal 

(b.) / is a maximal ideal if and only if the 
quotient ring R[x] /1 is isomorphic to E 

(c.) / is a maximal ideal if and only if 
f = (/W), where /(jc) is non-constant 
irreducible polynomial over E 
(d.) 7 is a maximal ideal if and only if there 
exists a non-constant polynomial 
/(x) e / of degree 3 

Let /(x) = x^ + 3x^ -9x- + 7x + 27 and .let ,/) 

be a prime. Let fp{x) denote the 

corresponding polynomial with coefficients 
in TL! pL. Then 

(a.) /2 (x) is irreducible over Z / 2Z 
(b.) /(x) is irreducible over Q 
(c.) /j (x) is irreducible over Z / 3Z 
(d.) /(x) is irreducible over Z 

Which of the following is an irreducible 
factor of x '^-1 over Q? . ' 

(a.) X* + x'^ + 1 . 

(b.) x^ + l. 

(c.) x'* -x^ 4-1 . 

(d.) x^-x'^+x^-x^+x-l. 

Let 7? be a Euclidean domain such that R is 
not a field. Then the polynomial ring 7?[A'] 
is always 

(a.) a Euclidean domain. 

(b.) a principal ideal domain, but not a 
Euclidean domain. 

(c.) a unique factorization domain, but not a 
principal ideal domain. 

(d.) not a unique factorization domain. 

Which of the following quotient rings are 
fields? 

(a.) F 3 4 -X + lj^ , where F 3 is the 

finite field with 3 elements. 

(b.) 4 x]/((X-3)) 

(c.) C|x]/((x 2 +w + i)) 

{&?)'F 2 [x\I+ X+')^ where Fj is the 
finite field with 2 elements. 


Let A denote the quotient ring . Then 

s 

(a.) There are exactly thiee distinct pioj ^ 
ideals in A . 

(b.) There is only one prime ideal in .f 
(c.) A is an integral domain. 

(d.) Let f,g be in Q[x] such that f-g = Q 
in A . Here f and f denote the image 
of f and .g respectively in A . Then 

/(0)-g(0)=0. 


Let ce Z, be such that 


-cW+l'^ 


field. Then c is equal to_ 

The number of ring homeomorphisms form 

Z 2 xZj to Z 4 is equal to_ 

Pick out the true statements: 

(a.) Let R he a commutative ring with 
identity. Let M be an ideal such Ibaf 
every element of R not in A/ is a unit. 
Then RIM is a field. 

(b.) Let R be as above and let M be an idea) 
such that R!M is an integral domain. 
Then M is a prime ideal. 

(c.) Let /? = C[ 0 , 1 ] be the ring of real-valuetl 
continuous functions on [O, l] with 

respect to pointwise addition and 
pointwise multiplication. Let 
M = {/e7?|/(0) = /(l) = 0 }. Then M is 
a maximal ideal. 

(d.) None of these 

Pick out the true statement(s): 

(a.) The set of all 2x2 matrices with rational 
entries (with the usual operations of 
matrix addition and matrix 
multiplication) is a ring which has no 
non-trivial ideals. 

(b.)Let /? = C[0, 1 ] be considered as a ring 
with the usual operations of 
1 ]- 4 E|/( 1 / 2 ) = 0} . Then / 
is a maximal ideal. 

(c.) Let be a commutative ring and let P 
be a prime ideal of R. Then RIP is an 
integral domain. 

(d.) None of these 
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Let C(R) denote the ring of all continuous 
real-valued functions on R , with the 
operations of pointwise addition and 
pontwise multiplication. Which of the 
following form an ideal in this ring? 

(a.) The set of all C” functions with compact 
support. 

(b.) The set of all continuous functions with 
compact support. 

(c.) The set of all continuous functions which 
vanish, at infinity, i.e., functions / such 
that lim f{x) = 0 . 

(d.) None of these 



The number of roots of the equation 
x^+x’+x^x^x^+x'+l =0 in Z 7 is 


Which one of the following statements is 
correct where R[x] denotes the polynomial 
ring in the one variable x over a ring R; 

(a.) If R is a field then R[x] is a field 

(b.) If R is an integral domain, then R[x] is a 
'field 

. (e.) If R is a field then R[x] is an integral 
domain 

. (d.) Every integral domain is a field. 
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Assi«mnenf Micet • 


ASSIGNMENT SHEET - 3 


For the rings L = - 


\x -x + 1 


(x^+x + l) (x^+2x + l} 

Which one of the following is TRUE? 

(a.) L is isomorphic to M; L is not 
isomorphic to N; M is not isomorphic to 
N 

(b.)M is isomorphic to N; M is not 
isomorphic to L; N is not isomorphic to 

- l; 

(c.) L is isomorphic to M; M is isomorphic to 
N 

(d.)L is not isomorphic to M; 1; is not 
isomorphic to N; M is not isomorphic to 
N 

In which of the following fields, the 
polynomial - 3123123c +123123 v 

irreducible in F[jc] ? 

(a.) The field F 3 with 3 elements ^ , 

(b.) The field F 7 with 7 elements ^ ' - 

(c.) The field F 13 with 13 elements 

(d.) The field Q of rational numbers 

Pick out the rings which are integral 
domains: 

(a.) M[j:] , the ring of all polynomials in one 
variable with real coefficients 

(b.) C*[0, 1 ] , the ring of continuously 
differentiable real-valued fiinction on the 
interval [O, l] (with respect to point wise 
addition and point wise multiplication) 

(c.) M„(M) the ring of all nxn^ matrices 
with real entries. 

(d.) None of these 

The degree of the extension q(-\/ 2+V3) 
Over the field <q(V 2) is 


Let Q denote the field of rational numbers, 
the ring Q[a;] / (^x^ + 1 ^ is isomorphic to 

-•(a.) The field of complex numbers. 

(h.)q[x]/[x^) 

(c.) qx]/((x 2 + 2 x + 2 )\ . ' 


(d.) None of above. 

Pick out the correct statements froih the 
following list; 

(a.) A homomorphic irnage of a UFD (unique 
factorization doniairi) is again a (UFD), 

(b.) The element 2 € is irreducible 

in Z[V^]. 

(c.) Units of the ring z[vF 5] are the units 
of Z 

(d.)The element 2 is a prime element in 

z[^] 

Let K be a field, L a finite extension of K and 
M a finite extension of L. Then 
(a.) [M:K^ =[M:L\ + [L:K] 

(b.) [M:K] =[M:L\ [L:K} 

(c.) [M :L] divides [M: AT] 

(d.) [L ; A3] divides [M -.K]. 

Let K be an extension of the field Q of 
rational numbers 

(a.) If K is a finite extension then it is an 
algebraic extension 

(b.) If K is an algebraic extension then it must 
be a finite extension 

(c.) If K is an algebraic extension then it must 
be an infinite extension 
(d.) If K is a finite extension then it need not 
be an algebraic extension 
An algebraic number is one which occurs as 
the root of a monic polynomial with rational 
coefficients. Which of the following numbers 
are algebraic? 

(a.) 5 + S 

(b.) 7-1-2*^^ 

2ji 

(c.) cos—,whenn€N. 
n 

(d.) None of these 
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Suppose that R is unique factorization 
domain and that a,b&R are distinct 
irreducible elements. Which of the following 
statements is TRUE? 

(a.) The ideal (l + a) is a prime ideal 

(b.) The ideal {a+ b) is a prime ideal 

(c.) The ideal (l + a6) is a prime ideal 

(d.)The ideal (a) is not necessarily a 
maximal ideal 

Which of the following is a field? 

,, cix] 

-Y 

\x + 2 ) 


Consider the algebraic extension 
E = \/3, ^/5 j of the field Q of rational 

numbers. Then [EiQ] the degree of E-over 


Let 00 be a complex number such that a? = 1 

and co> 1 . Suppose L is the field q('^, co) 

generated by Ml and co over the field Qof 
rational numbers. Then the . number of 
subfields if of £ such that QG K C £ is 


h^+2) 


y- 2 ) 




Let G denote the group of all the 
automorphisms of the field E^ioo that 

consists of 3^®® elements. Then the number 
of distinct subgroups of G is equal to 


Find the degree of the field extension 

Q{M2,M2,M2) over Q 

(a.) 4 

(b.)8 

(c.) 14 

(d.)32 

For a positive integer n , let 
= x + 1. Then 

(a.) /„(x) is an irreducible polynomial in 
Q[x] for every positive integer n. 

(b.) fpix) is an irreducible polynomial in 
Q[x] for every prime number p. 

(c.) (x) is an irreducible polynomial in 

Q[x] for every prime number p and 
every positive integer e . 

(d.) fp^x^ ) is an irreducible polynomial 
-in Q[x] for every prime number p and 
every positive integer e . 

Which of the following is tme 

(a.) sin 7° is algebraic over Q. 

(b.) cos n /17 is algebraic over Q. 

(c.) sin~' 1 is algebraic over Q. 

(d.) ^/2 -t- Vrt is algebraic over Q{tc) . 


28A/11, (Firat Floor) Jit Ssirai, Banz Khu, Near IXT, NewDelU-110016, Ph.: (011>-26537527,,CeU: 9999183434 & 98991<1734,8588844789 

E-aiaU: iiifofi!di|»academy.£om: WdiaHe: wnw.dlpsacadeinyxom 


(c.) 100 
(d.)9 

If Z[i] is the ring of Gaussian integers, the 
quotient Z[i]! ^(3 - 1 )) is isomorphic to 

(a.) Z 

(b.)L 

^ ^ 3Z 































For a positive integer m, let denote the 
number of distinct prime ideals of the ring 

QU] 

-7 -^ . 1 hen 

(a.) ^4 = 2 
(b.) ^4 = 3 
<c.) ^5 = 2 
■(d.)a5=3. 

Let Z[i] denote the ring of Gaussian integers. 
For which of the following values of n is the 
quotient ring Z[j]/«Z[i] as integer domain? 

(a:) 2 
(b.)13 
(c.) 19 
(d.)7 

Let F = +2x-\i\, where F 3 is 


the field with 3 elements. Which of the 
following statements are true? 

(a.) F is a field with 27 elements 
(b.) F is a separable but not a normal , 
extension of F 3 

(c.) The automorphism group of F is cyclic 
(d.) The automorphism group of F is abelian 
but not cyclic 

Let G be the Galois group of the splitting 

field of x^ -2 over Q . Then, which of the 
following statements are true? 

(a.) G is cyclic 

(b.) G is non-abelian 

(c.) The order of G is 20 

(d.) G has an element of order 4 

Let Fbe the'ring of all entire fimctions, i.e. 

R is the ring of fimctions /: C C that are 
analytic at every point of C, with respect to 
pointwise addition and multiplication. Then 
(a.) The units in R are precisely the nowhere 
vanishing entire fimctions, i.e., 
/:C->C such that / is entire and 

/(a) ^ 0 for all a e C 

(b.) The irreducible elements of R are, up to 
multiplication by a unit, linear 
polynomials of the form z-a, where 
a 6 C , i.e. if / e F is irreducible , then 

/(z) = (z-a)g(z) for all zeC where 
g is a unit in R and a e C 
(c.) F is an integral domain. ; 

(d.) F is a unique factorization domain. 


Assignment Sheet - 3 


Consider the polynomial 

= +14x^+5.X + 16 . Also for a 

prime number p, let Fp denote the field with 
p elements. Which of the following are 
always true? 

(a.) Considering / as a polynomial with 
coefficients in F 3 , it has no roots inF 3 . 

(b.) Considering / as a polynomial with 
coefficients in F 3 , it is a product of two 
irreducible factors of degree 2 over F 3 . 

(c.) Considering / as - a polynomial with 
coefficients in F 7 , it has an irreducible 
factor of degree 3 over F 7 . 

(d.) / is a product of two polynomials of 
degree 2 over Z , 

Which of the following is/are tme? 

(a.) Given any positive integer «, there exists 
a field extension of Qof degree n 

(b.) Given a positive integer «, there exist 
fields F and K such that F c F and K is 
Galois over F with [F: F] = « 

(c.) Let F be a Galois extension of Q with 
[F : Q] = 4 then there is a field L such 
that F 2 F 2 Q,[i;Q] = 2 and L is a 
Galois extension of Q. 

(d.) There is an algebraic extension F of Q 
such that [F: Q] is not finite 

Which of the following integral domains are 
Euclidean domains? 

(a.) z|^V^J = {a + 6 V^:a,ZieZ} 


(b.) Z[x] 


-p -i n 

(c.) V.x^ ,x^ =j/=^a,-x^e]^];aj=0 


(d-) 77^ F 


Where 


independent variables and (( 2 , x)^ is the 
ideal generated by 2 andx. 
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Let p and q be two distinct primes. Pick the 
correct statements from the following: 

(a.) Is isomorphic to as 

fields. 

(b.) is isomorphic to as 

vector spaces overQ 

(c.) [q(Vp)>(a/9)'Q] = 4 

(d.) Q{^[p,yjq) = Q[-Jp + 

lit .. 2% 

Leta) = cos-i-ism —. 

10 10 

Let K andletZ,.= Q(G))..Then 

(a.) [X:Q]=10 
(b.)[L:/:] = 2 
(c.)[/::Q] = 4 
id.)L = K 


Assignment Siu-el - 3 


Let R be a ring. If R [x] is a principal ideal 
domain, then R is necessarily a 

(a.) Unique Factorization Domain 

(b.) Principal Ideal Domain 

(c.) Euclidean Domain 

(d.) Field 

What is the degree of the following numbers 
over O? 


(a.) s/2 + a/ 3. 
(b.)s/2s/3 
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